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Abstract
Control of 3D dynamic walking in bipedal legged machines or humanoid robots
remains a challenging problem. To address the complexity brought by the high de-
grees of freedom (DoFs) in the target system, very often a simple template model is
used as an intermediate bridge. A template model is typically much simpler, but can
still capture the key characteristics of the dynamics of a particular motion. Usually,
a control policy is first developed to regulate the behavior of the template model,
then resultant trajectories of the template model are mapped to the whole-body mo-
tion of the more complex robot through some optimization-based task-space control
strategies. Currently, the most widely used walking template is the Linear Inverted
Pendulum Model (LIPM). It has gained popularity due to its simple linearized dy-
namics, and walking controllers based on the LIPM have had some success. However,
the resultant walking gaits from the LIPM miss some of the dynamics that can lead
to more efficient gaits such as those in a human. This is due in part to its constant
height assumption and the lack of a double support phase.
Recently, an alternative walking template called the Dual-SLIP (spring-loaded in-
verted pendulum) model (or Bipedal SLIP model) has been proposed. This model has
its roots in biomechanics studies. With leg compliance it can faithfully reproduce the
ground reaction force (GRF) patterns and center of mass (CoM) vertical oscillations
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observed during human walking. Also its bipedal nature allows it to seamlessly inte-
grate the double support phase during walking. It even has the potential to become
a general template that can model both walking and running. Some analyses and
control strategies have been developed around this new template. However, almost
all the studies are limited to the 2D version of this model.
The behavior of the 3D Dual-SLIP model is much more difficult to regulate than
its 2D counterpart. And the problem is accentuated when walking over uneven ter-
rain, especially with step height uncertainty. However, to actually use this model as
a walking template for a humanoid, the 3D extension is necessary. With such motiva-
tion, this thesis is dedicated to develop a dynamic walking controller for a humanoid
based on the 3D Dual-SLIP model while traversing uneven terrain.
The development is divided into three stages. In the first stage the focus is on
3D walking over flat ground. A new optimization-based approach is proposed to
find periodic walking gaits. Through analysis of the dynamics of the 3D Dual-SLIP
model, a novel symmetry condition has been identified that is used to greatly simplify
the optimization process. It has also been found during the study that the regular
conservative 3D Dual-SLIP model is not capable of generating forward walking at
speeds faster than 1.4 m/s (assuming a leg length of 1 m). To address this limitation,
a variant of the regular Dual-SLIP model, the actuated Dual-SLIP, is introduced to
address high-speed walking. With bio-inspired leg actuation, the model can walk
up to 2 m/s, which is at the top end of the range of human walking speeds. Since
the periodic gaits of the 3D Dual-SLIP model are found to not be self-stable, a
discrete-time infinite-horizon LQR controller has been developed to regulate the state
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of the model. Through this approach, the controller can recover from significant
disturbances by automatically adapting footstep positions during walking.
In the second stage, the development of the first stage is extended to known
uneven terrain, which is the first time the 3D Dual-SLIP model (with leg actuation)
has been used to generate dynamic walking gaits over uneven terrain. Since the
symmetry condition can no longer be used to aid in the search for periodic gaits
over uneven terrain, an improved CoM trajectory and footstep position generation
method is developed based on multiple-shooting optimization that is applicable to
both flat ground and uneven terrain (with elevation changes up to ±10% of leg length
per step). The resultant gait for flat ground is consistent with that found with the
simpler approach of the first stage. The gait over uneven terrain also shows a rich set
of human-like characteristics as observed in biomechanics studies.
Finally, the work in the second stage is further extended to address a more chal-
lenging problem: 3D “blind” walking with no knowledge of terrain information.
Through the expansion of the techniques introduced in the second stage, swing leg
retraction and extension strategies (towards the end of the swing phase) for the 3D
actuated Dual-SLIP model are developed that allow it to automatically adapt its
walking gait over unforeseen terrain height changes up to ±5% of leg length while
maintaining full forward speed.
The resultant CoM trajectories and footstep positions of the 3D Dual-SLIP model
from the development in all three stages are used to successfully orchestrate dynamic
walking motion in real-world humanoid robot models in simulation through a task-
space control framework. This is the first demonstration of Dual-SLIP based dynamic
walking in a humanoid.
iv
To my wife.
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Chapter 1
Introduction
1.1 Motivation
Robotics research on humanoid-related technologies has gained increasing atten-
tion in recent years. Due to their resemblance to human beings, humanoid robots have
the potential to take on human duties, by themselves or along with other humans, in
environments designed for human activities. For example, one interesting application
for the humanoid is telepresence. In the near future, salesmen may not have to fly
coast to coast to meet their clients. They can instead use humanoid avatars to re-
motely represent themselves at the client’s site. Ideally, under the human operator’s
control, the humanoid could walk up and down stairs freely and interact with peo-
ple using body language. Also, the deployment of humanoids usually requires fewer
modifications to existing equipment or facilities than with other type of robots since
humanoids can just work with operation interfaces originally designed for humans.
For example, instead of developing a dedicated, sensor-rich vacuum robot, you could
just give the humanoid a vacuum.
However, the CEO of iRobot (creator of Roomba), would definitely disagree with
the point above, as the former is “less expensive and so much easier to develop” [30].
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(a) Honda’s ASIMO. (b) Boston Dynamics’s PETMAN.
Figure 1.1: (a) The ASIMO humanoid [59] developed by Honda walks up stairs in
a quasi-static gait. Note the CoM ground projection always falls inside the support.
(b) The PETMAN (Protection Ensemble Test Mannequin) robot [11] developed by
Boston Dynamics walks dynamically on a treadmill with human-like heel-to-toe style.
His concern, and the fact that currently all telepresence robots are wheel-based, re-
flect the great challenges that humanoid developers face today. Among the many
challenges, achieving robust legged locomotion is the most basic requirement for any
humanoid to be actually useful, and yet it remains only a partially solved problem.
A humanoid has high degrees of freedom (DoFs), intermittent unilateral contacts
with the ground and can easily become underactuated. All these features add to the
difficulty of the control. Many existing humanoid robots adopt quasi-static walking
and very often require a nearly perfect flat surface. As a result, most of them never
make out of the laboratory. Some, like ASIMO (Fig. 1.1(a)) with a very cautious
quasi-static gait, may walk over bumps or steps in a controlled environment. But it
has been of the researchers’ interest to develop a humanoid that can walk robustly
in a dynamic gait over prepared uneven terrain, just like humans do.
2
• Dynamic walking: Based on the definition of the Dynamic Gait Measure
(DGM1) [87], a walking gait is quasi-static if the subject always keeps its Zero
Momentum Point (ZMP) [138] and the ground projection of its Center of Mass
(CoM) within the convex polygon formed by the supporting foot/feet. When
this “quasi-static” condition is satisfied, the robot remains fully actuated during
walking and therefore simplifies the control. In contrast, dynamic walking does
not require the CoM ground projection to fall inside the support polygon at all
times; instead it maintains dynamic balance using a series of regulated “falling”
and “catching” motions. Dynamic walking is capable of a higher walking speed,
and it takes advantage of the passive dynamics of the legs and thus may be more
energetically efficient in comparison to its quasi-static counterpart. But it also
introduces a more difficult control problem. Fig. 1.1(b) shows Boston Dynamics’
PETMAN robot walking dynamically on a treadmill.
• Prepared uneven terrain: Here this term refers to environments constructed
for human occupancy, both indoors and outdoors. Examples are the inside of
a building or roads and walks around campus. Prepared uneven terrain has
certain irregularities and unevenness in its walking surface such as steps, curbs,
bumps, shallow slopes or small littered objects. The robots may or may not
notice these uneven features (due to sensor inaccuracy) and the gait should be
robust in either case.
Considerable research effort has been devoted to the realization of the above fea-
tures in humanoid walking, especially in recent years. Since it is very difficult to
1Note this measure is only applicable to flat ground walking and does not consider friction
constraints.
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directly control the full dynamics of the humanoid, many approaches leverage a sim-
ple model referred to as a “template” to bridge the gap. A well-chosen template
model can capture the key dynamic features of a targeted complex humanoid motion.
For example, the Spring-Loaded Inverted Pendulum (SLIP) model has been used
quite often as a template for running and hopping. A common, 2-layered strategy
with the template model is: first a set of reference dynamic features (such as CoM
accelerations, foot velocities, etc.) is generated with the simple template model based
on certain control laws or optimization criteria. Then another controller is used to
track these reference dynamic features in the humanoid robot. Such a strategy has
proven to be much more viable.
In the area of walking, the most extensively studied template is the Linear Inverted
Pendulum Model (LIPM), and there have been several successful dynamic walking
controllers for humanoids based on the LIPM (details in Section 1.2.3). In 2006,
Geyer et al. [46] proposed a novel walking template called the Bipedal Spring-Mass
model (or Dual-SLIP model). It has some advantages over the LIPM: with tuning of
only a few parameters, the Dual-SLIP model can reproduce the key characteristics in
human walking, including the CoM vertical oscillations and the “signature” double-
peak ground reaction force pattern. Also, the bipedal nature of the Dual-SLIP model
allows it to seamlessly include the double-support dynamics during walking with
no extra mechanism required. It is generally favorable for a humanoid to walk in
a human-like gait, as such resemblance helps promote smooth interaction between
humans and humanoids. Moreover, since the human gait is extremely efficient2,
mimicking human-like features in humanoid walking could potentially lead to better
2The energetic Cost of Transport (CoT) for a human is around 0.2, while for ASIMO, one of the
most advanced humanoid robots to date, the CoT is around 3.2.
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gait efficiency. However, while Geyer’s work is very inspiring, the model is only
proposed in 2D and a dynamic walking controller for a humanoid based on the Dual-
SLIP has not been developed.
With such motivation, this dissertation presents a variable-speed dynamic walk-
ing controller for a humanoid that is developed around the Dual-SLIP model. The
resultant gait of this walking controller is rich with human-like features and is self-
adaptable to uncertainty in elevation levels in prepared uneven terrain.
1.2 Related Work
1.2.1 Passive Dynamic Walkers
Passive dynamic walkers are simple legged mechanical devices with no actuators.
When properly designed, they can stably walk down a (shallow) slope powered only by
gravity. Their remarkably human-like and energy-efficient gaits receive much research
attention since they might provide instructive insight into the design of dynamic
walking motion in a full-fledged high-DoF humanoid robot. McGeer [80] implemented
the first passive dynamic walker in the late 80’s. It is a planar biped with two stiff
legs. McGeer identified a linearized step-to-step transition matrix, and tested its
stability for different initial states on the test machine. Later, Goswami et al. [47]
found the slope-walking limit cycle for their knee-less planar biped model through
numerical trials (i.e. simulations using the full nonlinear equations of the system).
A hip torque is then introduced to track a desired energy level so that the basin of
attraction of the passive limit cycle can be expanded. In 2001, Collins et al. [20] built
the first 3D (having frontal sway while walking forward) passive dynamic walker with
knee joints, curved feet and compliant heels.
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Pure passive dynamic walkers cannot walk on level ground. To address this issue,
small actuators are added to the robots to substitute for energy compensation by
gravity. Collins et al. [19] introduces three efficient bipedal robots based on passive
dynamic walkers that can walk stably over level ground: the Cornell biped (upgraded
from the 3D passive dynamic walker in [20]), the TU Delft biped “Mike” [150, 151]
and the MIT learning biped [129, 130]. The resultant walking energetic costs of
transport (dimensionless) for the three bipeds range between 0.02 and 0.08, which
is comparable to a human (≈0.2) and much more efficient than Honda’s humanoid
ASIMO [115] (≈3.2). Very recently, the passive-dynamics based Cornell Ranger [8]
walked continuously in an indoor track without human intervention for 31 hours (cov-
ering 65 km) on one battery charge, which greatly extends the range of possibilities
of passive-dynamic principles.
1.2.2 Hybrid-Zero-Dynamics Walking Controllers
Walking controller design based on zero dynamics seeks provable closed-loop sta-
bility. Although most studies in this family focus on a simplified bipedal model (three
or five links, usually) and the resultant methods do not easily extend to high degree-
of-freedom (DoF) humanoids, they provide valuable insight into the essence of bipedal
dynamic walking.
Initially, through partial feedback linearization, McGee and Spong [79] showed
that the swing phase dynamic stability of a three-link planar walker is determined
only by its zero dynamics subsystem. The assumption behind that is the biped model
has one degree of underactuation; that is, no actuation between the support foot and
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the ground. The basic idea in this approach is to encode the dynamic task via a
lower-dimensional target.
Grizzle et al. [48] augment the zero dynamics of a planar, three-link, underactuated
biped model with an impact map to represent the impact at touchdown. This is later
termed as Hybrid Zero Dynamics (HZD) [147]. In their approach, they identified a set
of carefully-chosen kinematic functions (a.k.a. “virtual holonomic constraints”) as the
outputs of the system. These output functions encode the desired walking motions.
They then use finite-time converging feedback to asymptotically force the outputs to
zero (the constraints on the feedback are later relaxed [84, 85]). However, it is not
clear how various parameters in the virtual holonomic constraints would affect the
walking motion. Westervelt et al. [146] later introduced a systematic way to design a
feedback controller through parameter optimization over the hybrid zero dynamics.
Through his framework, one can directly design a provably stable, closed-loop sys-
tem which also meets motion requirements such as walking at a given speed. More
recently, Ames [2] generates the output functions through a linear spring-mass model
characterized by human walking experimental data. He thus named his approach as
“human-inspired control”. A similar approach is also found in [123].
The typical settings for the original HZD-based walking controller are: planar
(2D) biped robot with rigid joints and periodic point-feet walking over flat ground,
with the double support phase collapsed to an instant in time. However, with many
recent developments, this is no longer the case. Ames and Gregg [3] extend the stable
2D walking gait to 3D through controlled symmetries and geometric reduction, but
they assume full actuation between the leg and ground. Chevallereau et al. [15]
designed a continuous-time controller that creates periodic orbits for 3D walking
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in a five-link biped but does not manage to render it exponentially stable. So to
stabilize the walking gait an event based controller is used to modify the adjustable
parameters in the continuous controller (so that the eigenvalues of the linearized
Poincare´ map reside in the unit circle). Hamed et al. [50] later refine the parameter
design process for 3D walking gaits and remove the need for an event-based controller.
Sreenath et al. [124] designed a HZD-based controller for MABEL, an experimental
planar biped robot with leg compliance and multiple degrees of underactuation. They
identify the parameters of the virtual constraints through optimization such that
the closed-loop system can achieve asymptotically stable walking while using the
compliance to do negative work upon impact. Based on a novel definition of gait
stability, Yang et al. [156] introduce a hierarchical control framework that enables a
planar biped for aperiodic walking. The framework has a set of HZD-based individual
controllers that regulates a single step and a switching controller that determines the
switching policy that induces stable walking. In a similar fashion, Park et al. [100]
realize “blind” walking in MABEL over terrain with large ground height variations
through a finite state machine that manages transitions between different individual
controllers for stepping-up, stepping-down and trip-reflex. Work in [14, 16, 158]
augment the planar HZD-based walking controller with foot rotation and multiple
contacts while work in [49] addresses the non-instantaneous double-support phase.
However, most follow-up work on HZD shown above only tries to eliminate a
single restriction in the original problem formulation at a time. For example, we
haven’t seen an HZD-based controller that produces stable 3D walking over uneven
terrain. The design process under the HZD framework is math-intensive and not very
intuitive. And again, the approach does not scale up to high-dimensional systems.
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1.2.3 Walking Controllers Based on Simple Models
Some researchers have created dynamic locomotion (walking, running, etc.) in a
humanoid through direct optimization on the whole-body dynamics. For example,
Yamane and Nakamura [155] use human motion capture data and a “dynamics fil-
ter” to generate physically-feasible walking motions on-line in a human figure. Erez
and Todorov [36] use a simultaneous method and a smooth contact model to directly
optimize a periodic dynamic running motion in a 31-DoF humanoid model. Mom-
baur [82] generates an open-loop stable running gait in a planar 9-body biped model
using multiple-shooting optimization methods.
However, an alternative, and generally more viable and flexible, approach to de-
sign controllers for dynamic locomotion in a humanoid is to take advantage of a
simple model called a “template” [42]. This approach usually involves two layers of
control. In the first layer, a proper template model is selected and its trajectories
are regulated through some control strategies or optimization criteria. Then in the
second layer, the simple model trajectories are “tracked” by the full humanoid model.
This section provides an overview of the available simple models and corresponding
control strategies. The next section will discuss how the behaviors of a simple model
can be embedded into a more complex humanoid model.
Linear Inverted Pendulum Model
The Linear Inverted Pendulum Model (LIPM, sometimes also referred to as the
“table-cart” model) is a well-known template for walking. A 2D version of the LIPM
was first proposed in 1991 [63] and later extended to 3D [64]. By constraining the
CoM movement of an inverted pendulum model in a horizontal plane, the relationship
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between the position of the Center of Pressure (CoP) and the CoM state can be
simplified as follows:
py = yc − zc
g
y¨c
px = xc − zc
g
x¨c
where [px, py] is the position of the CoP and [xc, yc, zc] is the position of the CoM
(note zc is constant). The LIPM is the basis of many interesting and successful hu-
manoid dynamic walking controllers. Motivated by Model Predictive Control [68, 78]
(or Receding Horizon Control), Kajita et al. [65] first proposed the “ZMP Preview
Control”. By taking into account the preplanned “future” ZMP reference locations,
a dynamically stable CoM trajectory can be generated by solving an optimal control
problem that minimizes the ZMP tracking error and control effort while maximizing
the CoM trajectory smoothness. Wieber [148] also adopted ZMP preview control,
but he formulated the problem as a quadratic programming (QP) problem with con-
straints on ZMP limits. By limiting the number of look-ahead steps, the QP problem
can be recomputed efficiently on-line, and as a result the robot can handle large side
pushes during walking.
Later, several improvements have been made to ZMP preview control. Through
adjustment of the optimization costs or variables, Diedam et al. [28] and Herdt
et al. [52] realized adaptive foot positioning and fully automatic footstep placement,
respectively. Kajita et al. [66] introduced “Auxiliary ZMP Control” that temporarily
forces the ZMP to deviate from the reference trajectory by a certain amount in case
of uneven ground or external disturbances during walking, but the adjustment may
affect the subsequent walking motions in an undesirable way.
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“Capture point” is another concept that is most often developed with the LIPM.
The capture point was initially proposed as a push recovery solution for humanoids [108,
110]. Intuitively, a capture point is a point on the ground where the robot can step to
in order to bring itself to a complete stop. In 2D, for a given initial CoM state of the
LIPM, there is a unique capture point3. In 3D, however, this is not the case. Given
an initial CoM state, the 3D capture point moves over time, i.e. is instantaneous [70].
The instantaneous capture point is an interesting intermediate variable that connects
the CoM and CoP dynamics. Pratt and Tedrake [106] proposed a velocity-based
stability margin for fast biped walking based on an instantaneous capture point.
Takenaka et al. [127] and Hof [57] independently discovered that the CoM always
converges to the instantaneous capture point, and a stable walking pattern can be
generated by manipulating the dynamics between the CoP and the instantaneous cap-
ture point. Note that the instantaneous capture point is referred to as the “Divergent
Component Point” (DCM) in [127] and the “Extrapolated CoM” in [57]. Englsberger
et al. [31] later re-derived the DCM dynamics and proposed two control strategies
for DCM tracking. They found the resultant walking controller is more flexible than
ZMP preview control. More recently, Englsberger et al. [32] extended the DCM con-
cept to 3D and allowed the LIPM to walk reliably over uneven terrain. They [33]
further incorporated human-like walking features such as the double-support phase
and heel-to-toe CoP shift into the DCM control framework. So far, the DCM-based
walking controller has been applied on many experimental humanoid platforms and
proven effective [34, 60, 109].
3It can be extended into a capture region if the point mass of the LIPM is replaced by a flywheel
or the point foot is replaced with a finite-sized foot.
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Spring-Loaded Inverted Pendulum Model
The “Spring-Loaded Inverted Pendulum Model” (SLIP), or Spring-Mass model,
was first proposed in Full and Koditschek’s “Templates and Anchors” paper [42].
The SLIP, either the 2D or 3D version, has been widely used as a motion tem-
plate for running and hopping (jumping) in biped and humanoid robots (for ex-
ample, [62, 76, 141, 142, 154]). Some researchers also used the SLIP as a walking
template for a biped/humanoid. Mordatch et al. [83] approximated the SLIP model
by decoupling and linearizing the inverted pendulum in the horizontal plane (just like
the LIPM) and adding a spring with constant stiffness in the vertical direction. The
approximate model has closed-form dynamics, so they can run a population-based
preview optimization (based on Covariance Matrix Optimization [51]) in real time to
select CoM and foot trajectories for both running and walking gaits. Rezazadeh and
Hurst [111] also synthesized a stable walking gait in ATRIAS, a bipedal underactu-
ated robot. However, they found that directly commanding an underactuated robot
to follow a SLIP-produced trajectory can be problematic in the real world, so instead,
they attempted to detect the essential stabilizing control laws in the reduced-order
model (SLIP) that can also maintain their stabilizing effects on the full-order robot.
Dual Spring-Loaded Inverted Pendulum Model
In 2006, Geyer et al. [46] proposed the 2D version of the “Dual Spring-Loaded
Inverted Pendulum (Dual-SLIP)”, or Bipedal Spring-Mass model. See Fig. 1.2. He
found that this model can better reflect human walking dynamics. Specifically, the
Dual-SLIP model can reproduce the double-peak ground reaction force pattern and
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Figure 1.2: The 2D Dual-SLIP walking model that originally appears in Fig. 4.1 in
Geyer’s Ph.D. thesis [44]. l0 is the rest leg length, k is the spring stiffness and α0 is
the attack angle.
the CoM vertical and horizontal oscillations. Due to its bipedal nature, it can seam-
lessly address the double support phase during walking with no extra hand-designed
mechanism. In contrast, LIPM walking either has no double support phase, or has
to mimic a double support phase by “weaving” in a transition period with manually
designed dynamics. The Dual-SLIP model is also proposed as a potential “general”
template that can model gait transitions between walking and running [116].
Relatively less work has been done towards developing a walking controller based
on the Dual-SLIP. Visser et al. [135] [136] continuously vary the leg stiffness of a
Dual-SLIP model based on a feedback linearization law so that it will reliably track a
predetermined limit-cycle gait in the presence of disturbance. Garofalo et al. [43] em-
bedded the Dual-SLIP dynamics into a five-link biped robot model, but they assumed
the feet have full actuation on the ground. Hereid et al. [53] used the CoM trajec-
tory generated by a Dual-SLIP model as an optimization cost to tune the parameters
of their HZD-based walking controller. Almost all the work so far on the Dual-SLIP
model is limited to 2D. This thesis investigates the development of a dynamic walking
controller based on the 3D version of the Dual-SLIP model.
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1.2.4 Task-Space Control
Task-Space Control (or Operational-Space Control) is a framework that provides
dexterous and compliant control for highly redundant robotic systems. It focuses
control on task variables while resolving joint redundancies, and the tasks can be
formulated at velocity, acceleration or force levels [89]. Task-space control has been
very common among redundant manipulators [69], but since 2000 it also finds its
application in humanoid movement control [1, 26]. For in-place humanoid motions,
the task-space objectives are usually very intuitive and can be designed manually.
However, for more complex and dynamic locomotion, such as running and walking, a
task-space controller is usually paired with a simple-model planner in a hierarchical
control scheme [83, 141, 142, 145]. Specifically, at the higher level, the simple-model
planner optimizes the task-space objectives (e.g. CoM trajectory), usually with con-
sideration on long-term performance and stability. The task-space controller then
serves as a low-level control component that focuses on converting the task objectives
at the current instant to the whole-body joint space.
There are different ways to solve a task-space control problem. Pratt et al. [107]
uses the simple Jacobian transpose to map forces of “virtual components” to joint
torques in their Virtual Model Control framework, neglecting the dynamic effects of
the system (i.e. Coriolis forces). Stephens and Atkeson [126] first determine the con-
tact forces based on a simple model then compute the desired acceleration and joint
torques through a least square solution, but the method does not account for limits
on joint torques and accelerations. Sentis [120] and Park and Khatib [101] use null-
space projection methods to solve the task-space control problem; however, with such
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an approach it is very difficult to directly include the unilateral constraints [74]. Al-
though through careful task dynamics planning, one could bypass the feasibility issue
due to frictional and unidirectional limits on ground reaction forces (GRF) [121]. To
avoid calculating null-space projections, task-space control is very often formulated
as a multi-objective quadratic programming problem (QP) with constraints on in-
stantaneous dynamics and contact conditions [1, 21, 26, 72, 114, 117]. When multiple
(usually conflicting) tasks are present at the same time, they can either be resolved
simultaneously by weighting (e.g. [72, 117]) or sequentially by imposing a strict hier-
archy (e.g. [26]), depending on the specific problem. To cut down the computation
cost, Saab et al. [114] propose a reduced formulation of multiple rigid planar contact
constraints. Herzog et al. [55] reduce the optimization variables through decomposi-
tion of the equations of motion, while Wensing and Orin [144] achieve the same goal
through reformulating the QP problem into a conic optimization scheme. Kuindersma
et al. [71] design a custom active-set solver for the QP problem that exploits the fact
that during typical operation, the set of active constraints changes very infrequently
between consecutive control steps, and their solver out performs the best available
off-the-shelf solver.
In recent development, centroidal angular momentum (CAM) [96, 97] has emerged
as an important task objective for humanoid whole-body motion control. It has been
shown that properly regulating centroidal angular momentum is very important in
dynamic balancing [58] and highly dynamic movements [141]. Instead of dealing with
the full-body dynamics of the robot, Dai et al. [23] optimize the joint trajectories
only considering the much simpler centroidal dynamics of the robot. In this way they
could quickly generate highly-dynamic humanoid whole-body motion plans.
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1.2.5 Uneven & Uncertain Terrain
The capability of reliably walking over uneven terrain is important for humanoid
robots as without it, the humanoid will never leave the lab and become useful. The
first biped prototype that could quasi-statically walk up/down slopes, SD-2, dated
back to the early 1990s [159]. Recent research direction focuses more on how to enable
a humanoid to dynamically traverse uneven terrain with certain uncertainties like a
human. The method of Poincare´ is good for regulating periodic walking gaits over
flat surfaces, but might not be very useful for uneven terrain or other non-periodic
cases since it does not provide a continuous representation of the dynamics of the
system transverse to a target orbit. So Manchester et al. [73] introduced an addi-
tional state that indicates the distance from the current robot state to the desired
orbit when constructing a lower-dimensional system in the transverse coordinates.
They then used a receding-horizon feedback control to drive all the states (includ-
ing the additional one) in the transverse coordinates to zero exponentially. With
such an approach they provably stabilized general non-periodic motions in a planar
compass-gait biped over uneven terrain, given the initial motion plan is sufficiently
good. Byl and Tedrake [12] considered walking as a metastable process and examined
and optimized the stochastic stability of a compass-gait biped walking on randomly
generated uneven terrain. Dai et al. [23] quantified the robustness of simple planar
walkers to terrain perturbation by defining an L2 gain from terrain perturbation to
deviation from the nominal limit cycle. They also showed they can improve the
walker’s robustness through optimizing the L2 gain. Park et al. [100] enabled a planar
biped robot to “blindly” walk over terrain with large height variations based on the
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HZD framework (See Section 1.2.2). These approaches, however, are not likely to be
extended to more complex robotic systems with higher DoFs.
So far, thanks to the efficient solvers introduced in Section 1.2.4, most successful
controllers that allow a humanoid to walk dynamically over uneven terrain are based
on simple template models, like the work by Mordatch et al. [83] and Englsberger
et al. [32]. Feng et al. [41] adopted an actuated inverted pendulum model as a tem-
plate and optimized the CoM trajectory on-line for uneven terrain using Differential
Dynamic Programming (DDP). Vejdani et al. [134] proposed a two-step deadbeat
controller for the Dual-SLIP model that rejects terrain height disturbances during
walking, but his result is in 2D only. This thesis will present a humanoid dynamic
walking controller based on a 3D Dual-SLIP model that is robust to terrain height
uncertainties.
As a side note, it’s worth mentioning two existing experimental robots that have
already demonstrated impressive dynamic walking capabilities over real-life uneven
terrain. However, the underlying control strategies for these robots are not yet clear
to the public. One is Boston Dynamics’ prototype anthropomorphic robot ATLAS.
In [10], it robustly walks over very rough rubble piles (the rocks are loosen and might
move when stepped on) at moderate speed in a human-like gait. Its control strategy
is kept confidential. The other is Oregon State’s ATRIAS biped robot. Recently it
showcased fast “blind” 3D dynamic walking over uneven terrain with a large height
variation. It can also quickly regain balance when a foot is tripped by the terrain
feature [91–93]. Their approach is yet to be published, but is very likely based on
simple but effective heuristics.
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1.3 Organization and Contributions
This dissertation contributes to the development of dynamic walking over uneven
terrain in a humanoid based on the 3D actuated Dual-SLIP model. While the study
on the 2D Dual-SLIP suggests that it has great potential to become an improved
walking template model, to the author’s best knowledge, the analysis has never been
extended to 3D and its effectiveness to guide dynamic walking in a humanoid has never
been shown. In this dissertation, the development of 3D Dual-SLIP based walking
is carried out in 3 stages: (1) flat ground, (2) known prepared uneven terrain, and
(3) unobserved prepared uneven terrain with unknown terrain step-height variation.
Each stage is developed based on the work in the previous stage.
Chapter 2 first focuses on the development of flat ground walking gaits in the 3D
Dual-SLIP model. To find periodic walking gaits at various speeds that carry human-
like features from the large space of all possible gaits, a nonlinear, single-shooting
trajectory optimization method is proposed. To overcome the nonsmoothness brought
by the hybrid dynamics, a novel left-right gait symmetry condition is identified to
greatly improve the convergence rate.
The gait optimization over flat ground also shows that the forward walking speed
range of the conventional, energy-conservative 3D Dual-SLIP model is similar to that
found in its 2D counterpart (Froude number 0.06 - 0.22). Further study also shows
that augmenting the conventional 3D Dual-SLIP with bio-inspired leg actuation will
greatly improve the walking speed range (Froude number up to 0.42). It has also been
found empirically that none of the periodic gaits of the 3D Dual-SLIP model is self-
stable. To enable continuous walking, a discrete-time LQR controller is introduced
to stabilize the periodic walking gaits and provide a certain tolerance to external
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disturbances. This controller can also be used by the model to switch between periodic
gaits of different speeds.
Chapter 3 introduces the humanoid models used for walking demonstration and
mainly focuses on the task-space controller – a tool that transforms the behavior of
the simple template model into the whole-body motions of a more complex robot.
Through this tool the periodic walking motion of the 3D Dual-SLIP model is em-
bedded into the humanoid models introduced in this chapter. While the general
formulation of the task-space controller was developed by previous researchers, many
implementation details that are unique to the walking application are first developed
in this thesis.
Chapter 4 returns to the study of the simple template model. It extends the work
in Chapter 2 to known prepared uneven terrain with per-step terrain height changes
of up to ±10% of the nominal leg length. It has been shown that active leg actuation
is also critical to enable a walking capability for uneven terrain in the Dual-SLIP
model, and a simple leg actuation scheme that is general to both flat ground and
uneven terrain is proposed. Moreover, since the symmetry condition is no longer
applicable in the case of uneven terrain, the trajectory optimization is evolved into
a multiple-shooting formulation to ensure convergence. The resultant 3D Dual-SLIP
gait over known uneven terrain has also shown a rich set of human-like features.
Chapter 5 further challenges the 3D Dual-SLIP model with unobserved uneven
terrain with step height uncertainty. Through some adjustments of the approach used
in Chapter 4, it can be shown that all of the control actions required for a 1-step terrain
adaptation can be consolidated into the double and the second single support phases.
In other words, the model can assume a flat-ground actuation scheme until it actually
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touches down. Based on a set of consistent, pre-optimized 1-step terrain adaptation
plans, a single swing foot touchdown trajectory can by planned. The resultant swing
foot (touchdown) trajectory exhibits human-like leg retraction towards the end of
the swing phase. In the final result, the “blindfolded” humanoid model is shown
to reliably walk (with constant speed) over randomly-generated uneven terrain with
per-step height changes of up to 5% of the leg length. Finally, a summary and a list
of future work are given in Chapter 6.
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Chapter 2
Gait Optimization: 3D Dual-SLIP Walking over Level
Terrain
2.1 Introduction
As an alternative walking motion template, the Dual Spring-Loaded Inverted Pen-
dulum (Dual-SLIP) model (with proper parameterization) can better reproduce hu-
man walking dynamics than the well-known LIPM model. The two-leg feature allows
it to capture the different dynamics experienced in the single and double support
phases with no extra mechanism. Previous study on Dual-SLIP model walking has
only focused on the planar case [46, 134]. However, in order for the resultant gait to
be applicable to a realistic humanoid model, we need a 3D Dual-SLIP model as the
2D version does not model mediolateral dynamics.
In this chapter, we will show how to generate dynamic walking gaits in a 3D Dual-
SLIP model over flat ground. Unlike the 2D version, the 3D Dual-SLIP model does
not exhibit a self-stable gait. Therefore we will focus on searching for a periodic gait
and later rely on a stabilizing controller to maintain the periodic gait over multiple
steps. Through analysis of the Dual-SLIP model in 3D, we have identified a novel
symmetry in the underlying dynamics, which in turn enables a half-step optimization
21
for finding periodic gaits in the 3D model. In the experiments, we noticed that the
conventional, energy-conservative Dual-SLIP model cannot generate periodic walking
gaits at high speed. To extend the walking speed range, we propose an actuated 3D
Dual-SLIP with bio-inspired leg force modulation. With actuation, the Dual-SLIP
model with human-compatible parameters can reach up to a 2 m/s forward walking
speed.
The remainder of this chapter is organized as follows. Section 2.2 describes the
3D Dual-SLIP model dynamics. Section 2.3 highlights the novel Dual-SLIP symme-
try condition which allows us to find a 1-step symmetric gait using only a half-step
optimization. Section 2.4 introduces the actuated Dual-SLIP model, which signifi-
cantly extends the range of possible forward walking speeds. It also modifies the
optimization formulation in Section 2.3 to accommodate the newly-introduced actu-
ation variables. Section 2.5 demonstrates how the optimal walking gait evolves over
various desired forward walking speeds. Finally, Section 2.6 describes the optimal
control (Linear Quadratic Regulator, LQR) which is invoked discretely at midstance
(MS) and regulates the MS state around a fixed point in the linearized return map.
2.2 The 3D Dual-SLIP Model
The 3D Dual-SLIP model and its parameters are shown in Fig 2.1. With two
massless compliant legs, the 3D Dual-SLIP can model both the single and double
support phases of walking. During the single support phase, if the stance foot position
is denoted as pf =
[
xf yf zf
]T
∈ R3, the center of mass (CoM) dynamics follow
simple spring-mass physics equivalent to that of the traditional 3D-SLIP model:
mp¨c = mg + k(`− ‖l‖)ˆl , (2.1)
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Figure 2.1: 3D Dual-SLIP model and parameters. The figure shows a snapshot of
this model walking towards the +x direction. m is the point mass, with the CoM
position given in inertial coordinates as pc =
[
xc yc zc
]T
. The swing leg touchdown
position is determined by two angles: the forward touchdown angle θ, which is the
angle between the swing leg and the vertical; and the lateral touchdown angle, φ,
which is the angle between the swing leg ground projection and the x axis (forward
direction). The foot position is denoted as pf,i, i = {A,B}. The rest leg length is
` (not shown). The leg length ‖li‖ < ` when leg i is in support. When leg i is in
swing, the leg length is not defined, since the massless swing leg does not affect the
Dual-SLIP dynamics. But it is assumed that the swing leg’s touchdown leg length
equals the rest leg length.
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where m ∈ R is the mass, pc =
[
xc yc zc
]T
∈ R3 is the position of the point mass
(also CoM), k ∈ R is the spring constant, l = pc − pf is the vector along the leg and
lˆ ∈ R3 is the corresponding unit vector, and ` ∈ R is the rest length of the spring.
During the double support phase, the dynamics follow similarly:
m p¨c = mg +
∑
i∈{A,B}
ki (`i − ‖li‖) lˆi , (2.2)
where {A,B} is used to index the two legs in contact and all quantities are defined
as in the single support case.
Letting the possible hybrid phases of double support and single support with each
leg be indexed as {DS, SSA, SSB}, the sequence of phase transitions in a typical
human-like gait is SSA → DS → SSB → DS → · · · . We define a walking step
between two subsequent midstance (MS) events. Midstance happens during the single
support phase when z˙c = 0. In a single step of a human-like gait, starting from MS,
the CoM state of the Dual-SLIP model will sequentially experience three other events:
first the swing leg touches down (TD), then the CoM reaches its lowest height (LH),
and finally the original support leg lifts off (LO). Following LO, the model continues
until it again experiences MS to finish the step. Figure 2.2 shows the CoM trajectory
of a full gait cycle (two consecutive steps) of a human-like gait. With such a gait,
the vertical ground reaction force (vGRF) experienced by each foot over time (from
touchdown to liftoff) normally exhibits a double-peak shape, as shown in Fig. 2.3. In
contrast, during human running, the vGRF generally displays a single-peak pattern.
Without loss of generality, we consider a step of the 3D Dual-SLIP model that
follows SSA → DS → SSB. The switching surfaces of the hybrid dynamics can then
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CoM Traj
CoM Traj Ground Proj (SS)
CoM Traj Ground Proj (DS)
MS
TD
LH
LO
MS
MS
Forward
Direction
Figure 2.2: Nominal “human-like” CoM trajectory in a full walking gait cycle (2
steps) of the Dual-SLIP model. The ground projection of the CoM trajectory during
single support (SS) is marked with green and that during double support (DS) is
marked in magenta. This figure is expanded in the lateral direction (i.e. not drawn
to scale) to clearly show the CoM lateral sway.
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Figure 2.3: The nominal “double-peak” vertical ground reaction force (vGRF) pattern
for each separate leg in a human-like walking gait, like the one shown in Fig. 2.2. The
single and double support phases are marked with the same color scheme as in Fig. 2.2.
be written as:
SSSA→DS = STD = {(pc, p˙c) | eTz lA = LTD cos θ} (2.3)
SDS→SSB = SLO = {(pc, p˙c) | ‖lA‖ = LLO} , (2.4)
where ez = [0, 0, 1]
T is the unit vector in the vertical direction. θ ∈ R is the forward
touchdown angle (see Fig. 2.1 for details). LTD and LLO are the touchdown leg length
and liftoff leg length, respectively. In the conventional 3D Dual-SLIP model, it is
assumed that
LTD = LLO = `A = `B = constant, (2.5)
and the touchdown position of the swing leg (leg B in this case) can be controlled
with the forward and lateral touchdown angles (θ, φ ∈ R, see Fig. 2.1):
pf,B = pc + LTD
sin θ cosφsin θ sinφ
− cos θ
 . (2.6)
Similar surfaces and update laws govern a step that follows SSB → DS → SSA.
26
2.3 Finding Periodic Gaits for 3D Dual-SLIP Model
Geyer et al. [46] searched for a self-stable, periodic walking gait in the 2D Dual-
SLIP model through an exhaustive scanning of the parameter space. Given a fixed
system energy (Es), an angle of attack (α) and a spring stiffness (ks), they meshed
the space of all possible apex states and used each grid point as the initial state for
a walking simulation. They iterated the step simulation until the walking gait failed
or lasted more than 99 steps. For practical reasons, they claimed those apex states
which produced more than 99 steps are in the basin of attraction of a steady-state
trajectory (i.e. a stable fixed point in the Poincare´ apex return map). In this way,
Geyer et al. can map out all the (Es, α, k) tuples that are capable to produce self-
stable walking gait (see Fig. 2.4). Similar exhaustive mapping approach has also been
found in [134] and [154].
However, an exhaustive mapping approach is less feasible on a 3D Dual-SLIP
model due to the larger state and parameter spaces. Further, Seipel and Holmes [119]
have found no left-right symmetric periodic running gait to be self-stable in a 3D SLIP
model. Although not proven, this may also be the case for the 3D Dual-SLIP model.
To empirically test this hypothesis, we performed a very coarse scan in the parameter
space of the 3D Dual-SLIP model (still took more than 10 hours) and found only
the CoM trajectories with no lateral sway (i.e. CoM motion remains strictly in the
sagittal plane) can last more than 50 steps.
The problems stated in the previous paragraph motivates us to find periodic tra-
jectories through a nonlinear optimization approach that includes 1-step simulations
in the objective evaluation routine. Wensing and Orin [142] have used this approach
to find periodic running gaits for an actuated 3D SLIP model. Here, we specifically
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(a) (b)
Figure 2.4: (Adapted from Fig. 4 in [46].) Geyer et al. [46] examined the parameter
space of the 2D Dual-SLIP model and mapped out the regions that are able to induce
a self-stable walking gait (shown in blue in Fig. 2.4(a)). Figure 2.4(b) is a slice of
the parameter space shown in Fig. 2.4(a) taken at a constant forward velocity of 1.2
m/s (which is equivalent to a constant Es =816 J). Note that the self-stable regions
diminish when the forward walking speed is faster than 1.5 m/s or is slower than 0.8
m/s. Also, self-stable walking gaits with multiple-peak vGRF patterns start to evolve
at lower walking speeds. These gaits have undesirable (non-human-like) vertical CoM
oscillations.
look to generate 3D Dual-SLIP walking gaits to satisfy 2-step periodicity constraints
without relying on any self-stability of the model. It should be noted that the tra-
jectory found through optimization is only “periodic” up to the numerical precision
of the simulation and is generally not self-stable. It will rely on an external control
strategy to stabilize the gait around a periodic trajectory (like the deadbeat controller
proposed in [134, 142, 154]).
Similar to the work in [142], we would like to control the MS (apex) states of the
Dual-SLIP model during walking. The discrete MS state for regulation, x, is chosen
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as a slice of the full 3D state and with respect to the current foothold position:
x =
[
xc − xf yc − yf zc − zf x˙c y˙c
]T
∈ R5 . (2.7)
With the discrete control vector denoted as un, an MS state return map f can be
formed as:
xn+1 = f(xn,un) , (2.8)
which maps the MS state xn to the subsequent MS state xn+1. For a 2-step periodic
walking gait we also enforce:
xn+1 = A xn , (2.9)
where A = diag(1,−1, 1, 1,−1), meaning we are interested in a 1-step motion that
starts and ends with constant forward position (relative to the support foot) and
velocity, constant vertical position, but sign-alternating lateral position and velocity,
i.e. a left-right symmetric gait. One straightforward choice of the control vector, u,
is the collection of forward and lateral touchdown angles (see Fig 2.1) and the system
spring stiffness:
u = [φ, θ, k]T . (2.10)
It should be noted that the typical human-like gait with a double-peak vGRF
pattern, as shown previously, is only one of many possible periodic gaits that can
be captured by the 3D Dual-SLIP model. Many resultant periodic gaits from the 1-
step optimization (MS to MS) exhibited non-human-like characteristics, such as 3 or
more vGRF peaks (see Fig. 2.4 for examples in the 2D model). Due to the existence
of a large number of local minima, the nonlinear optimization results over a 1-step
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MS
TD LH
Middle of
 Double Support
Figure 2.5: The sagittal plane projection of a half-step CoM trajectory with the CoM
position at LH to be exactly above the middle point between the two support feet.
period are very sensitive to the provided seeds. The hybrid nature of the dynamics
also increased the nonsmoothness of the optimization problem, and sometimes caused
the optimization process to fail to converge. To better regulate the behavior of the
optimizer, a simpler half-step optimization (from MS to LH, as shown in Fig. 2.5) is
proposed which has been found to effectively confine the resultant trajectories of the
3D Dual-SLIP model to those with human-like features.
Given a desired forward velocity at MS x˙0,d, a half-step optimization problem can
be formulated to find a CoM trajectory from MS to LH so that the ground projection
of the CoM at LH falls directly between the two support feet, i.e.(
pc(tLH)−
pf,A + pf,B
2
)T
· p˙c(tLH) = 0 . (2.11)
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Specifically, assuming leg A is in support at the initial MS, the optimization
problem can be written as:
min
u0, z0
∥∥∥∥12(xf,A + xf,B(x0,u0))− xc(tLH; x0,u0)
∥∥∥∥2
+
∥∥∥∥12(yf,A + yf,B(x0,u0))− yc(tLH; x0,u0)
∥∥∥∥2 , (2.12)
s.t.
z0 > LTD cos θ ,
where
x0 =
[
0 y0,d z0 x˙0,d 0
]T
,
u0 =
[
φ θ k
]T
,
where (xf,A, yf,A) is the position of the foot in support at the initial MS; (xf,B, yf,B)
is the position of the touchdown foot position, which is parameterized by the initial
MS state and the associated control vector (i.e. the (x0,u0) pair); (xc(t), yc(t)) is the
CoM ground projection at time t, which is also parameterized by the (x0,u0) pair.
Both (xf,B, yf,B) and (xc(tLH), yc(tLH)) are evaluated through dynamic simulation. For
the initial MS state, we require the displacement in the forward direction (relative to
the stance foot) and the velocity in the lateral direction both to be zero. The lateral
displacement, y0,d, is pre-selected to induce a human-like step width. For a 1 m leg
length, y0,d = 0.05 m is a proper value. The vertical displacement in the initial MS
state, z0, is left to be determined by the optimizer along with the control vector u0.
Although Eq. 2.12 only optimizes over a half walking step, a certain (x∗0,u
∗
0) pair
that results in zero residual error in the cost function is actually a sufficient condition
to achieve Dual-SLIP CoM trajectories which are symmetric about the LH position
over one step. This left-right symmetry in turn ensures a 2-step periodic gait. We
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briefly prove this sufficient condition for left-right symmetric Dual-SLIP walking in
Appendix A using vector field equations. The proof is inspired by Carver [13]’s work
on 3D SLIP model running. Note that the optimization problem Eq. 2.12 still has
some redundancy to achieve a zero residual. Thus, additional objectives such as a
desired step length or a desired double support ratio can be added to the objective
function to further shape the gait.
2.4 Actuated 3D Dual-SLIP Model
We tested the optimization approach proposed in Section 2.3 on a 3D Dual-SLIP
model with body mass m = 80 kg and rest leg length ` = 1.0 m. These numbers ap-
proximately match the mass and CoM height of a human adult and are also adopted
by Geyer et al. [46] with their 2D model. With these model parameters, the opti-
mization problem in Eq. 2.12 is able to find “human-like” periodic walking gaits for
desired forward speeds between approximately 0.7 m/s and 1.3 m/s (Froude number
range of 0.22 to 0.42). Geyer et al. [46] have found a similar speed range for the 2D
Dual-SLIP model based on their exhaustive search approach (check the speed range
for the “symmetric double-peak” region, i.e., region A, in Fig. 2.4. Note region C also
has a symmetric double-peak vGRF pattern and the walking speed can go up to 1.5
m/s, but it requires a high spring stiffness and the resultant walking gait has very a
small step length, and thus is not considered “human-like”).
Being able to model walking speed limitations without leg mass is another fea-
ture of the Dual-SLIP model in comparison to the Linear Inverted Pendulum model
(LIPM). However, the range of speeds over which a conventional (energy conserva-
tive) 3D Dual-SLIP model can walk is still significantly smaller than that of a human.
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While we may have to resort to a different template model for walking at very slow
speeds, fast walking up to the normal human walk-to-run transition speed (2.0+ m/s)
can actually be generated with the 3D Dual-SLIP model with only small modifica-
tions.
Through study of failed cases for the 3D Dual-SLIP model at higher walking
speeds, we have found that a periodic gait cannot be found by the optimizer due
to the use of constant spring stiffness and rest leg length within a step. During the
first single support phase, the spring stiffness needs to be limited to prevent the CoM
trajectory from shooting upwards. But as the walking speed goes up, this limited
spring stiffness and rest leg length are insufficient to reverse the CoM vertical velocity
during a shortened double support period. This observation suggests that additional
actuation during the double support phase is required to overcome this limitation.
Directly following the discussion above, a very simple actuation strategy is pro-
posed that discretely changes the rest leg length during the double support phase.
In previous work, the actuation can either be applied by changing the spring stiff-
ness [142] or adjusting the rest leg length [17, 102]. Through experiments we have
found the latter option is usually more effective than the former. Specifically, we in-
troduce a new control variable to optimize, `DS, with `DS ≥ `, where ` is the normal
rest leg length (1 m in our model). Initially at MS, both rest leg lengths `A = `B = ` ;
upon TD, i.e. leg B touches down with leg length LTD = `, we instantaneously change
`B to `DS; then at LH, we instantaneously change `A to `DS and change `B back to
` ; finally, upon LO, we return both `A and `B back to `. Note that LO still happens
when ‖lA‖ ≥ `, not when ‖lA‖ ≥ `DS. This process is illustrated in Fig. 2.6. For
simpler future reference, we name this actuation strategy Method I.
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Figure 2.6: The rest leg length evolution over time for the Method I actuation strategy
and corresponding vertical GRF pattern. The curves are generated for a forward
walking speed of 1.5 m/s. The units of the vertical GRF is body weight (BW).
Method I has a certain resemblance to human walking mechanics: we allow leg
B to touch down with a leg length that is less than its rest leg length at that in-
stant; thus energy is already stored in the leg spring and the GRF is non-zero right
after touchdown. This is similar to the “eccentric muscle activity” observed before
touchdown during human walking. Similarly, we allow leg A to lift off with a leg
length that is less than its rest leg length at that instant, so the GRF immediately
before liftoff is non-zero, which is similar to the effect of “toe-off” in human walking.
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Biomechanics studies have shown that these “added” features are critical to capture
the typical dynamics of human walking [75, 152].
The actuated 3D Dual-SLIP model with leg actuation applied through Method I
maintains the same sufficiency condition for gait symmetry introduced in Section 2.3
for the conventional Dual-SLIP model. One can still use the half-step optimization
to find periodic, symmetric gait, only with a minor modification of Eq. 2.12:
min
u0
∥∥∥∥12(xf,A + xf,B(x0,u0))− xc(tLH; x0,u0)
∥∥∥∥2
+
∥∥∥∥12(yf,A + yf,B(x0,u0))− yc(tLH; x0,u0)
∥∥∥∥2 , (2.13)
s.t.
z0 > LTD cos θ ,
where
x0 =
[
0 y0,d z0,d x˙0,d 0
]T
,
u0 =
[
φ θ k `DS
]T
.
Note, in Eq. 2.13, only u0 is to be optimized. The initial height z0 is no longer
an optimization variable, but instead a fixed value, z0,d . For rest leg length ` = 1 m,
z0,d is set to 0.96 m. This is because the range for possible z0 is very small (just a
few centimeters) and as previous experiments show, if z0 is left to be a free variable,
the optimizer invariantly tends to push it towards the upper bound as the walking
speed goes up, which will then result in an undesirable walking gait. Therefore we
fix the value of z0 in the middle of the possible range. Similar to Eq. 2.12, we will
add additional objectives on desired step length or desired double support ratio to
Eq. 2.13.
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The actuated 3D Dual-SLIP model with actuation applied through Method I can
reach forward walking speeds up to 2 m/s, which substantially increases the walking
speed range in comparison to the conventional 3D Dual-SLIP model. The added leg
actuation makes a key difference here, as it alters the flow of energy in the model
during walking and therefore allows the optimizer to find periodic trajectories at
higher walking speeds. However, Method I only applies the actuation during the
double support phase. As the walking speed increases and the double support phase
becomes shorter, this strategy tends to create high-rising discontinuous peaks in the
vertical ground reaction force pattern, as shown in Fig. 2.6, which is not quite human-
like. Also, Nilsson and Thorstensson [90] have found that when a human walks under
2 m/s, the resultant vertical ground reaction force will never exceed 1.2 BW (multiples
of body weight). For improvement, we can re-engineer the way the actuation is applied
to achieve a more human-like ground reaction force pattern with smoother evolution
and smaller force peaks.
In another actuation strategy, which is named Method II here, we are not confined
to only apply the active leg actuation during the double support phase. A new control
variable, βSS, is introduced to replace `DS in the previous Method I. βSS determines
the rate at which the rest length of the support leg ramps up, or down, during the
single support phase, as shown in Fig. 2.7. During the first single support phase
starting from MS, the rest leg length linearly increases (decreases) with rate βSS until
the swing leg touchdown. The terminal rest length of the initial support leg at the
end of the first single support phase is used as the rest leg length for both legs during
the double support phase, and both are kept constant until the initial support leg
lifts off. In the second single support phase, the rest leg length linearly decreases
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Figure 2.7: The rest leg length evolution over time for the Method II actuation strategy
and corresponding vertical GRF pattern. The curves are generated for a forward
walking speed of 1.5 m/s.
(increases) with rate −βSS until the next MS. The TD and LO conditions are the
same as those in Method I . In comparison to Method I, Method II actively modulates
leg force over a longer period in a continuous way.
The sufficiency condition for gait symmetry proposed in Section 2.3 is also appli-
cable to the 3D Dual-SLIP model with Method II actuation. Thus, Eq. 2.13 can also
be used to find periodic gaits for this version of the actuated 3D Dual-SLIP model,
just substituting the control variable `DS with βSS. Also note that the first single
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support dynamics need to be updated to:
mp¨c = mg + k(`+ βSS · t− ‖l‖)ˆl , (2.14)
the double support phase dynamics need to be updated to:
m p¨c = mg +
∑
i∈{A,B}
ki (`+ βSS · tTD − ‖li‖) lˆi , (2.15)
and the second single support phase dynamics need to be updated to:
mp¨c = mg + k(`+ βSS · tTD − βSS · (t− tLO)− ‖l‖)ˆl . (2.16)
Note t is reset to zero at the initial MS. For both Method I and Method II, the resultant
periodic walking gaits are similar, but the vGRF pattern of Method II bears more
resemblance to that of the conventional 3D Dual-SLIP model (compare Fig. 2.7 with
Fig. 2.3).
2.5 Variable Speeds
Solutions to the optimization problem introduced in Section 2.4 can be used to
find periodic walking gaits in the Dual-SLIP model over a range of forward speeds.
Figure 2.8 shows the collection of periodic gait optimization results (with the Method
II leg actuation strategy) for desired walking speeds ranging between 1 m/s and 2
m/s. To exhaust the redundancy in the problem, we have added in an additional cost
on a constant desired step length of 0.54 m for all speeds. Starting from 1 m/s, we
gradually increase the desired walking speed for the gait optimization, and use the
optimal result for the current speed to seed the optimization for the next speed.
From Fig. 2.8 we can see, with a constant step length, as walking speed increases,
the optimal control inputs for the periodic gait and the resultant gait features evolve
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Figure 2.8: The results of optimization for periodic gaits using Method II actuation at
varying desired forward walking speed. The “circle” plots show the optimal control
input found at each speed and the “cross” plots show the resultant gait characteristics.
Besides the symmetry objective shown in Eq. 2.13, we also add in an additional
cost for deviation from a constant desired step length of 0.54 m at all speeds. All
optimizations achieve effectively zero residual errors.
smoothly between speeds. Specifically, the resultant step width, the CoM vertical os-
cillation and the double support duty cycle all decrease as the walking speed increases,
while the maximum vertical ground reaction force peak increases proportionally with
the walking speed. The CoM vertical oscillation is just the height difference from MS
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to LH. Figure 2.9 shows the resultant optimal CoM trajectory at different walking
speeds, and we can see that as the walking speed goes up to 2 m/s, the CoM trajec-
tory gradually converges to nearly a straight line with a very short double support
phase. Such a collection of optimal results for various speeds can be used to adjust
the walking speed of the Dual-SLIP model on-line, as shown in Section 2.6.
2.6 The LQR Controller
Suppose we have identified a pair (x∗0,u
∗
0) that will produce a periodic walking
gait in a conventional 3D Dual-SLIP model. Since we enforce the left-right symmetry
in a 2-step periodic gait, the MS state follows
x∗n = A
n x∗0 (2.17)
with A = diag(1,−1, 1, 1,−1), and the control follows
u∗n = B
n u∗0 (2.18)
with B = diag(−1, 1, 1) to provide the correct outward leg angle at each step. Gen-
erally, due to disturbances, the actual MS state xn 6= x∗n, thus we would like to find
a feedback law to regulate the MS state to the periodic solution. A discrete-time
infinite-horizon LQR controller is used here. Letting ∆xn = (xn − x∗n) and ∆un =
(un − u∗n), we make the change of variables ∆x˜n = An ∆xn and ∆u˜n = Bn ∆un.
This change of variables allows us to analyze the stability of the 2-step periodic gait
using the 1-step Poincare´ MS return map. The return map identity
f(x,u) = Af(Ax,Bu) , (2.19)
is then helpful to obtain the error dynamics. This identity can be understood by
changing the y-axis sign convention for one-step simulation, then returning the result
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Figure 2.9: The CoM trajectories of the 3D actuated Dual-SLIP model at different
walking speeds. Each walking gait is generated with the optimal control inputs shown
in Fig. 2.8 at the corresponding speed. The circles mark the CoM positions at different
gait events (MS, TD, LH, LO, MS).
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to the original convention. With this result, a first order analysis of the return map
around the periodic trajectory provides:
∆x˜n+1 ≈ Jx ∆x˜n + Ju ∆u˜n (2.20)
where Jx = A
δf
δx
and Ju = A
δf
δu
evaluated at (x∗0,u
∗
0). In practice, the Jacobians are
approximated through finite difference. Then consider the quadratic cost:
min
∆u˜
∞∑
n=0
∆x˜TnQ ∆x˜n + ∆u˜
T
nR ∆u˜n (2.21)
s.t. ∆x˜n+1 = Jx ∆x˜n + Ju ∆u˜n .
If Q and R are positive definite, and the (Jx,Ju) pair is controllable, then a time-
invariant, stable feedback gain is given by
K = −(JuTPJu +R)−1JuTPJx , (2.22)
where P is the unique solution of the Discrete-Time Algebraic Riccati Equation
(DARE) [6]. Returning to the original coordinates we can compute the feedback law
as
un = u
∗
n +B
nKAn (xn − x∗n) . (2.23)
Note for the 3D Dual-SLIP model, the MS state error is in R5:
∆x =
[
∆x ∆y ∆z ∆x˙ ∆y˙
]T
. (2.24)
while the control delta is in R3. For the conventional model,
∆u =
[
∆φ ∆θ ∆k
]T
, (2.25)
while for the actuated model using Method I,
∆u =
[
∆φ ∆θ ∆`DS
]T
. (2.26)
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or for the actuated model using Method II,
∆u =
[
∆φ ∆θ ∆βSS
]T
. (2.27)
Note that for the actuated Dual-SLIP model, the spring stiffness k is not adjusted
by the LQR controller. Numerical tests have shown that changing spring stiffness
and rest leg length at the same time sometimes results in ill-conditioned Jacobian
matrices. Also for Method I, note how ∆`DS is applied in control: `DS + ∆`DS is
applied to `B between the TD and LH events, and `DS − ∆`DS is applied to `A
between LH and LO events. For Method II, βSS is applied in a similar differential
manner.
Since the 3D Dual-SLIP model is a very simple model, it is usually hard to identify
as many independent, effective control variables as there are state variables. The LQR
controller has the advantage to allow us to use fewer control variables and still have
a (numerically) controllable system. But as a trade-off, we won’t be able to correct
the state error in one step as we might have with a deadbeat controller.
The proposed LQR controller is capable to stabilize the CoM on the pre-optimized
periodic trajectories. Experiments have further shown that with the proposed LQR
controller, the actuated Dual-SLIP model can tolerate larger MS state errors than
the conventional Dual-SLIP model. Figures 2.10 and 2.11 show an example of the
LQR controller correcting a relatively large initial MS state error (y˙0 deviates from
the desired lateral velocity by 0.4 m/s) over multiple steps.
The LQR controller developed in this section can also be used to adjust walking
speed on-line. In Section 2.5 we have identified a collection of periodic gaits at various
speeds. We can compute a constant feedback gain matrix K for each walking speed.
Then during walking, when the desired speed changes, we compute the MS state error
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Figure 2.10: The adjustment of the control inputs per step generated by the discrete-
time infinite-horizon LQR controller in order to correct the initial MS state error
(lateral velocity y˙0 deviates from the desired value by 0.4 m/s). The corresponding
MS state evolution is shown in Fig. 2.11. The reference periodic trajectory is for a
desired forward walking speed of x˙0,d = 1.5 m/s.
relative to the fixed point (desired MS state) associated with that desired speed and
use the pre-computed K of that speed to drive the MS state to the desired fixed point
in the MS return map. Figure 2.12 shows the Dual-SLIP model following a desired
forward velocity profile using the LQR approach. For good performance, we limit the
maximum desired change of speed over one step to 15 cm/s.
2.7 Summary
This chapter focused on periodic walking gait generation in a 3D Dual-SLIP model
over flat ground and provided solutions for three major problems.
- If we search for periodic walking gaits for the 3D Dual-SLIP model directly
over a 1-step period through nonlinear optimization, the result is very sensitive
to the initial seed due to the existent of a large number of (unwanted) local
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Figure 2.11: The MS state evolution under the adjusted control inputs shown in
Fig. 2.10. Note the initial state error of 0.4 m/s (in the ∆y˙ plot).
minima. Also, the hybrid nature of Dual-SLIP dynamics frequently causes the
1-step optimization to fail. To address these issues, we take advantage of a novel
symmetry condition in the Dual-SLIP dynamics and find the 1-step periodic gait
through a simplified half-step optimization. The new approach has shown to
be faster, more robust, and will not generate non-human-like periodic gaits.
- It has been found that the conventional 3D Dual-SLIP model can only walk
at moderate speeds (no faster than 1.3 m/s). To allow this model to also
generate high-speed walking gaits, we introduce actuation with the conventional
model through a very simple, bio-inspired leg force modulation strategy. As the
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Figure 2.12: The 3D actuated Dual-SLIP model adjusts its forward walking speed
(x˙) to follow a given velocity profile. This is achieved with the discrete-time LQR
controller described in this section and the collection of optimal control inputs for
periodic walking at various speeds as shown in Fig. 2.8.
experiments show, we can find periodic walking gaits for the actuated 3D Dual-
SLIP model for speeds up to 2 m/s. (assuming the leg length of the model is
1 m.)
- The periodic gaits found through optimization are not self-stable. The period-
icity is only accurate to the numerical precision of the simulation. To maintain
the periodic walking gait over multiple steps and handle state errors caused by
external disturbances, we derive a discrete-time LQR controller (only invoked
at MS) to drive the state of the Dual-SLIP model to the desired trajectories.
In this chapter only flat ground walking is addressed. Chapter 4 and Chapter 5
will extend the Dual-SLIP gait generation to uneven and uncertain terrain.
46
Chapter 3
Dynamic Walking in a Humanoid
3.1 Introduction
In Chapter 2, we showed how to generate a periodic human-like walking gait in
a 3D actuated Dual-SLIP model at a desired speed. In this chapter, we will show
how the resultant CoM trajectory and footstep positions from this simple model can
be used to “guide” the dynamic walking in a realistic humanoid model. For our
approach, the simple model behaviors will affect the whole-body humanoid motions
through a multi-objective task-space control framework. In other words, the simple
model will provide the desired instantaneous dynamics for key task-space objectives
related to humanoid locomotion as well as insight on long-term performance. Without
the simple model, it is generally very difficult to design the desired key task dynamics
directly by hand. Figure 3.1 provides an overview of the “simple-model-guided task-
space control framework”. The details in this figure will be discussed in more detail
in the following sections.
The remainder of the chapter is organized as follows. Section 3.2 describes the
HUBO Plus based humanoid robot model that is to be used for flat ground walking
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Simple model 
3D Dual-SLIP
Prioritized Task-
Space Controller 
Humanoid
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Figure 3.1: Block diagram of the simple-model-guided task-space control system. The
3D Dual-SLIP model supplies the desired swing foot trajectory (p¨f,d, p˙f,d,pf,d) and
the CoM trajectory, i.e. centroidal linear momentum (l˙G,d, lG,d,pG,d). The desired an-
gular momentum (k˙G,d), nominal pose (q¨d) and foot orientation (ω˙f,d,ωf,d,Rf,d) still
have to be manually authored. All tasks, generated by the simple model or manually
designed, along with the corresponding task priorities, are coordinated by the walking
state machine. The actual commanded task objectives sent to the Prioritized Task-
Space Controller (PTSC) are the sum of the desired task dynamics and PD feedback
terms on the current task state errors. The PTSC will optimize the joint torques to
best match the commanded tasks. At each midstance (MS), a discrete LQR controller
can be invoked to adjust the simple-model trajectories in response to the state errors
caused by external disturbances.
48
demonstration. Next, Section 3.3 presents a wide spectrum of details on the simple-
model-guided task-space control system, including the quadratic/conic optimization
formulation, contact constraint modeling, task selection and prioritization, robust-
ness considerations, etc. Section 3.4 provides the implementation details needed for
simulation and the simulation results for a humanoid push recovery during moderate
speed walking over flat ground. The next section, Section 3.5, prepares for the fol-
lowing chapters. It introduces a new humanoid model (based on ATLAS [98]) that
has more human-like body mass distribution than the HUBO Plus based model. The
new model will be used in the following chapters for demonstration of walking over
uneven terrain. As will be shown, the less massive legs result in improved walking
performance.
3.2 Humanoid Model
The humanoid model used for dynamic walking demonstration is shown in the
simulation environment in Fig. 3.2. This model is based on the HUBO Plus humanoid
robot developed by KAIST [61]. It has 32 degrees of freedom (DoFs)4 with a 6-DoF
floating base and 26 actuated joint DoFs (6 for each limb, 1 for the waist and 1 for
the head). See the tree structure in Fig. 3.3 for more details. All actuated joints are
revolute. In reality the joints are driven by DC motors and are position controlled
only. However, in our simulation, we assume all joints are torque controlled. The
exact kinematic and dynamic parameters of each link are taken from the OpenHUBO
project [29].
4Not including hands and fingers.
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(a)
Torso 
(Floating Base)
Shoulder Pitch (SP)
Shoulder Yaw  (SY)
Shoulder Roll  (SR)
Elbow Pitch (EP)
Wrist Roll (WR)
Wrist Pitch (WP)
Head
Pelvis
Hip Pitch (HP)
Hip Yaw (HY)
Hip Roll (HR)
Knee Pitch (KP)
Ankle Pitch (AP)
Ankle Roll (AR)
(b)
Figure 3.2: The HUBO Plus based humanoid model. (a) Graphical mesh. (b) Skele-
ton and joints. Note the approximate CoM position is marked with a red cross in
(b).
The humanoid model has a total weight of 38.9 kg. The mass distribution is
summarized in Table 3.1. We can see that the single leg mass accounts for a very large
percentage of the total mass (26%) while the torso (counting pelvis) only accounts
for 29%. For an average human, the corresponding values are approximately 17%
and 45% [149]. When the robot model is standing in the upright pose with legs
fully stretched, the hip pitch joint (see Fig. 3.2(b)) is 66.63 cm from the ground, and
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Body Part Mass (kg) Percentage
Torso 7.96 20.5%
Pelvis 3.42 8.8%
Each Arm 3.36 8.6%
Each Leg 10.23 26.3%
Head 0.38 1.0%
Table 3.1: Body mass distribution of the HUBO Plus model.
the distance between the two foot centers is approximately 17 cm. Since most mass
concentrates in the legs, in this pose, the CoM (marked as a red cross in Fig. 3.2(b))
falls in between the two legs, at approximately the same height as the hip pitch joints.
3.3 Simple-Model-Guided Task-Space Control
3.3.1 Overview
The standard whole-body joint-space dynamics equation of motion for a humanoid
is given by
H(q)q¨ +C(q, q˙)q˙ +G(q) = STa τ + Js(q)
TFs (3.1)
where H ∈ Rn×n, C q˙ ∈ Rn , and G ∈ Rn are the mass matrix, velocity-related (cori-
olis) terms, and gravitational terms, respectively and n is the number of DoFs [39].
The matrix Sa is a selection matrix for the actuated joints. For a humanoid robot, it
takes the form of [ 0(n−6)×6 1(n−6)×(n−6) ] if the H matrix is formed using the regular
numbering scheme of [40] where the floating base is numbered 1 in a spanning tree.
Js ∈ R6Ns×n is a combined support Jacobian that maps joint velocities q˙ to the spa-
tial velocities of the Ns feet in contact. Fs ∈ R6Ns is a vector that collects the spatial
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Figure 3.3: The tree structure of the HUBO Plus based humanoid model in Fig. 3.2.
Each solid arrow connector represents a revolute joint.
ground reaction force (GRF) for each foot in contact, where
Fs =
[
fs1
T . . . fTs
Ns
]T
. (3.2)
When designing whole-body motions for a high-DoF humanoid robot, it is usually
more intuitive and convenient to shape the robot’s behavior in task space (or opera-
tional space) rather than in joint space. A task-space objective can be related to the
configuration variables through a Jacobian relation. For example, the position of an
end-effector, x, in a manipulator is a function of joint angles q:
x = g(q) . (3.3)
The end-effector velocity, x˙, is then related to the joint rates q˙ by
x˙ = J(q)q˙ (3.4)
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where J(q) =
∂g
∂q is the Jacobian matrix. We can generalize the equation above to
the following form:
rt = At(q)q˙ , (3.5)
where rt represents a general task (feature) of the configuration variables and At
is the generalized task Jacobian, and may not be an actual Jacobian matrix; i.e.
for a given At, there may not exist a meaningful g(q) such that At =
∂g
∂q . One
example is the centroidal angular momentum (CAM) task, which will be introduced
in Section 3.3.4. This is because the CAM is not integrable [96] (the conservation of
angular momentum cannot be represented by an integrated form, and thus works as
a non-holonomic constraint).
Given commanded instantaneous task dynamics, r˙t,c, the task-space control prob-
lem is to find joint torques τ that result in joint accelerations q¨ such that
r˙t = At q¨ + A˙t q˙ (3.6)
will most closely match r˙t,c, while also satisfying other possible constraints.
It should be noted that in this chapter we use the subscript [·]c to indicate a “com-
manded” task (input to the controller), while in other chapters, the same subscript
is used to mark variables that are related to the CoM. To distinguish, in this chapter
when we need to show a CoM-related variable, we will use the subscript [·]G.
3.3.2 Contact Force Constraints
Park and Khatib [101] use a dynamically-consistent null-space projector to control
motions of a humanoid in support. They project the original equations of motion onto
the subset of the configuration space that is consistent with the support constraints.
53
When there are multiple tasks present, task prioritization is handled through a series
of nested null-space projectors.
However, the projection approach cannot directly address the unilateral and fric-
tional constraints on the ground reaction forces (GRFs) F s. In order to make sure the
GRFs do not violate these constraints, additional treatments are required [74, 121]. To
avoid such difficulties, others [26, 114, 117] have proposed to use constraint quadratic
programming to solve the multiple-objective Task-Space Control (TSC) problem. The
optimization-based approaches treat joint torques τ and contact forces F s as con-
trol variables and optimize them simultaneously under appropriate constraints and
objectives.
In practice, it has been found that if we directly optimizes the spatial force on
each foot (foot wrench), the Center of Pressure (CoP) positions are not taken into
account automatically by the optimization problem. As a result, the required normal
moment might not be realizable within a given support polygon. And it is difficult to
place appropriate bounds on the normal moment as it is dependent on the actual CoP
location. To address this problem, Wensing et al. [143] represent each net spatial foot
force fsi ∈ R6 as a combination of pure forces (no moment) that act at the vertices of
the convex support region, as shown in Fig. 3.4(a). With this representation of contact
foot forces, the CoP-dependent bounds on the normal moment are captured inherently
by the optimization problem. And the unidirectional and frictional constraints can
then be enforced on each individual vertex force f sij ∈ R3 where j ∈ {1, . . . , NPi}
and NPi is the number of contact vertices for foot i. Given a coefficient of friction µi
for foot i, each vertex force must reside inside a friction cone
Ci :=
{
(fx, fy, fz) ∈ R3
∣∣∣ √f 2x + f 2y ≤ µifz} , (3.7)
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Figure 3.4: (a) The spatial contact force fsi for foot i is represented by a distribution
of pure forces (no moment) exerted on the contact vertices of the convex support
polygon. (b) Each vertex force has to lie inside the friction cone Ci. (c) The friction
cone can be approximated by a friction pyramid P i.
as shown in Fig. 3.4(b). However, the standard quadratic optimization solvers do not
handle conic constraints. Therefore, the friction cone is approximated by a convex
friction pyramid P i, and each vertex force is expressed as a linear combination of the
prescribed bounding vectors (as shown in Fig. 3.4(c)) with all coefficients required to
be positive.
With the breakdown of foot wrench into vertex forces, Eq. 3.1 can be re-written
in a more detailed form:
H(q)q¨ +C(q, q˙)q˙ +G(q) = STa τ + Jsp(q)
TFsp (3.8)
where Fsp ∈ R
∑Ns
i 3Npi is a vector that collects all the vertex (support point) pure
forces fsij and Jsp is the combined Jacobian which relates q˙ to the linear velocities
of all the support points. Note Jsp is different from J s in Eq. 3.1 as the latter relates
q˙ to the spatial velocities of all the support bodies.
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3.3.3 Multi-Objective Task-Space Control Problem Formu-
lation
An example quadratic programming (QP) formulation to solve the single-objective
TSC problem is given below:
min
q¨,τ ,Fsp
1
2
∥∥∥r˙t,c − (At q¨ + A˙t q˙)∥∥∥2 (3.9)
s.t. H q¨ +C q˙ +G = STa τ + J
T
sp Fsp (3.10)
fsij ∈ P i ∀i ∈ {1, . . . , Ns}, ∀ j ∈ {1, . . . , NPi} (3.11)
Js q¨ + J˙s q˙ = 0 (3.12)
τ ≤ τ ≤ τ , (3.13)
where the joint accelerations q¨, the joint torques τ and the contact forces Fsp are
optimized such that the resultant task-space objectives match the desired values as
closely as possible. Meanwhile, the selection of q¨, τ and Fsp have to satisfy the whole-
body dynamics constraint (Eq. 3.10), the unilateral and frictional constraint on the
GRFs (Eq. 3.11), the kinematic constraint (Eq. 3.12, i.e the foot/feet in support
has/have to remain fixed on the ground) as well as the joint torque limits (Eq. 3.13).
Note in Eq. 3.9, At is the task Jacobian for a single task-space objective. When there
are multiple tasks to be considered, one could either combine all the task errors in a
weighted-sum form within a single cost function, with the most important task given
the highest task weight; or one could solve the QP for each single task in a prioritized
sequence. Specifically, to optimize for a lower priority task, the QP problem has to
be modified to include additional equality constraints so that all previously optimized
higher priority task errors are maintained. The latter approach is usually refereed to
as solving a “Prioritized Task-Space Control (PTSC)” problem.
56
Wensing and Orin [144] reformulate the PTSC problem as a conic optimization
problem, which results in a reduced number of variables and constraints. Such reduc-
tion allows the new formulation to be solved faster than Eq. 3.9. Suppose we have
a combined task Jacobian matrix A that collects all possible tasks, regardless of the
task priorities. The combined task error dynamics e is given by
e = r˙c − r˙ (3.14)
= r˙c −Aq¨ − A˙ q˙ . (3.15)
We can find an expression for q¨ using Eq. 3.8 and substitute it into Eq. 3.15 and get
AH−1 STa τ +AH
−1 JTsp Fsp + e = r˙c +AH
−1(C q˙ +G)− A˙ q˙ . (3.16)
If we define
Λ−1τ := AH
−1 STa , (3.17)
Λ−1s := AH
−1 JTsp , (3.18)
b := r˙c +AH
−1(C q˙ +G)− A˙ q˙ , (3.19)
Eq. 3.16 can be more clearly written as
Λ−1τ τ + Λ
−1
s Fsp + e = b. (3.20)
In other words, the whole-body motion dynamics in support shown in Eq. 3.8 is al-
ternatively expressed in terms of joint torques τ , contact forces Fsp and the combined
task errors e. Note b is a bias term that collects all the velocity-related quantities
and the desired task dynamics.
The PTSC problem with K priority levels is solved through a series of conic
optimization problems. Each task is assigned a number k ∈ {1, . . . , K} to represent
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its priority level, with a smaller number indicating higher priority. The optimization
problem for priority level k can then be formulated as
min
τ ,Fsp,z,ek
z (3.21)
s.t. Λ−1τ τ + Λ
−1
s Fsp + ek = b (3.22)
S¢,k ek = S¢,k e
∗
k−1 (3.23)
‖Sø,k ek‖ ≤ z (3.24)
f sij ∈ Ci ∀ i ∈ {1, . . . , Ns}, ∀ j ∈ {1, . . . , NPi} (3.25)
τ ≤ τ ≤ τ . (3.26)
In the formulation above, Sø,k and S¢,k are both task selector matrices. Each row
of Sø,k or S¢,k is a unit vector that selects a single task error. Sø,k selects all task
errors at level k, which are the errors to be minimized in this optimization problem;
S¢,k, on the other hand, selects the task errors of all higher priority levels, i.e. level
1 to level k − 1. Therefore, Eq. 3.23 ensures that the optimal errors for all higher
priority tasks (e∗k−1) are not corrupted while optimizing task errors at the current
priority level. Equation 3.24 is a cone constraint on the task errors to be optimized.
With this constraint, minimizing the scalar z in Eq. 3.24 will result in minimization
of the task errors at the current priority level. And it is the only objective in the cost
function (Eq. 3.21). The introduction of the additional z variable is necessary for
this formulation as the conic solver requires the cost function to contain only linear
terms. Additionally, the relationship between τ , Fsp and e has to satisfy the dynamic
constraint described by Eq. 3.22, Fsp has to stay within the friction cone (Eq. 3.25)
and the joint torques should not exceed the given limits (Eq. 3.26).
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In comparison with the QP formulation shown in Eq. 3.9, the conic formulation
replaces joint accelerations q¨ with the task errors e, which reduces the total number of
optimization variables (in most humanoid cases) and results in a very simple objective
function. Also, it can directly incorporate conic constraints, so we no longer need to
approximate the friction cone with a friction pyramid. In this thesis we use the conic
optimization described above to solve the PTSC problem in a walking humanoid.
On an additional note, sometimes for certain sets of tasks, we do not want to ex-
plicitly put them into different priority levels, but we do have a sense on which should
be fulfilled first. In this case, we put these tasks in the same priority level, but within
this level, we use a task weight matrix to express our preference. Specifically, Eq. 3.22
becomes
W (Λ−1τ τ + Λ
−1
s Fsp) + e = Wb, (3.27)
where the task weight W is a diagonal matrix.
3.3.4 Tasks of Interest
This section describes the specific tasks that are directly related to the control
of humanoid locomotion. de Lasa et al. [26] refer to these tasks as “features”. The
details of how the commanded task dynamics are specified are shown below. Note in
this chapter, the subscript [·]d is used to denote the desired value of a variable that
is usually determined from a desired trajectory. Such a trajectory is either designed
by hand or referenced from a simple model, as discussed in Section 3.3.5. To track
these desired values through task-space objectives, we usually add to the original
desired value a PD term that feeds back from the current state of the system. We
59
use subscript [·]c to denote the resultant quantities, meaning they are the actual
commanded values that are sent to the task-space controller.
Foot Position/Orientation Task
This task sets the angular and linear accelerations of the foot: r˙t,c =
[
ω˙Tf,c p¨
T
f,c
]T
.
When the foot is in the air, these rates are selected as
ω˙f,c = ω˙f,d +KD,ω(ωf,d − ωf ) +KP,ωθeˆ (3.28)
p¨f,c = p¨f,d +KD,p(p˙f,d − p˙f ) +KP,p(pf,d − pf ) (3.29)
where θeˆ ∈ R3 is an angle-axis representation of error between the desired foot
orientation Rf,d and the actual foot orientation Rf , and satisfies ||θ|| ≤ pi. More
specifically,
eS(θeˆ)Rf = Rf,d , (3.30)
where S(θeˆ) is a skew-symmetric matrix and the exponential map eS(θeˆ) ∈ SO(3)
gives the rotation matrix with the rotational axis in the direction of the unit vector
eˆ and the rotation angle equal to θ. And θeˆ can be solved from the matrix logarithm
of Rf,dR
T
f [88].
When the foot is in contact, the desired rates are commanded through a velocity
damper to prevent the foot from drifting on the ground surface:
ω˙f,c = −αωf , (3.31)
p¨f,c = −αp˙f , (3.32)
where α is a scalar coefficient.
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Centroidal Linear and Angular Momentum Task
This task regulates the centroidal momentum hG of the system. Centroidal mo-
mentum is the sum of all body spatial momenta. The subscript [·]G indicates the
momentum is computed with respect to the CoM. The centroidal momentum of a
humanoid was originally introduced by Orin and Goswami [97]. To simplify the com-
putation, they defined a Centroidal Momentum Matrix (CMM) AG ∈ R6×n that
relates the joint rates q˙ to the centroidal momentum hG
hG = AG q˙ . (3.33)
The centroidal dynamics is given by the derivative of Eq. 3.33
h˙G = AG q¨ + A˙Gq˙ . (3.34)
Wensing and Orin [139, 140] show that the CMM AG can be efficiently constructed
from the mass matrix H by
AG =
1XTG S1H (3.35)
where S1 is a selector matrix that picks out the rows in theH matrix that corresponds
to the floating base. And 1XTG transforms the coordinates from the floating base to
the CoM. And similarly, the centroidal dynamics velocity-dependent bias A˙Gq˙ can
be constructed from the joint-space Coriolis force Cq˙
A˙G q˙ =
1XTG S1C q˙ . (3.36)
The commanded centroidal dynamics r˙t,c = h˙G,c =
[
k˙TG,c l˙
T
G,c
]T
are composed dif-
ferently for the linear and angular portions. For the linear momentum, the com-
manded rate of change is given by
l˙G,c = m[p¨G,d +KD,`(p˙G,d − p˙G) +KP,`(pG,d − pG)] (3.37)
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where pG is the CoM position and m is the total mass of the system. The commanded
rate of change for the angular momentum is given by
k˙G,c = k˙G,d +KD,k(kG,d − kG) . (3.38)
Note there is no proportional term in Eq. 3.38, since the angular momentum is not
integrable; i.e. it cannot be expressed as the time derivative of any configuration-
dependent feature of the humanoid.
Nominal Pose Task
This task commands joint accelerations for actuated joints and orientation for the
floating base so that the robot can maintain a certain desired pose. For the revolute
joint, the commanded acceleration is
q¨i,c = q¨i,d +KD,i(q˙i,d − q˙i) +KP,i(qi,d − qi). (3.39)
For the floating base, the commanded floating base orientation ω˙fb,c can be composed
similar to Eq. 3.28. In practice, the desired accelerations and floating base orientation
are usually derived from a static nominal pose (like the pose shown in Figure 3.2);
therefore q˙i,d = q¨i,d = 0 and ω˙fb,d = ωfb,d = 0. Sometimes to promote arm swing,
desired shoulder pitch angles and rates can also be commanded proportional to those
of the opposite virtual leg.
3.3.5 Simple Model as Supplier of Desired Task Dynamics
The tasks described in Section 3.3.4 are able to characterize most dynamic motions
in a humanoid robot, but only when they are properly commanded within a task-space
control framework. This is because the task-space control has no long term insight - it
is in its essence a horizon-1 Model Predictive Control (MPC). In other words, it only
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optimizes the instantaneous whole-body dynamics around the desired task dynamics
given at that moment. To ensure long term performance and stability, the desired
task dynamics must come from carefully crafted trajectories. For very simple motions,
such as single-foot balancing or in-place jumping, it is possible to manually design
the desired trajectories. However, for more complex locomotion such as walking and
running, hand-design becomes very difficult. And this is where we need the simple
models. It has been found that the salient features of some complex human motions
can be captured by very simple template models. As a result, such simple models
can be used to aid the design of desired task trajectories. We can optimize certain
trajectories (such as the CoM trajectory, footstep locations) using a simple model
and then “embed” them into the humanoid behaviors through the task-space control
framework. This idea is also illustrated in Figure 3.5.
In the case of dynamic walking, we use the 3D Dual-SLIP model as the simple
model as it has been shown capable to reproduce many human-like features during
walking. Specifically, the resultant optimal CoM trajectory of the 3D Dual-SLIP
model will be used as the desired task for the humanoid centroidal linear momentum.
Since the Dual-SLIP model assumes massless legs, it does not generate leg swing tra-
jectories (the simulation of Dual-SLIP walking simply assumes the leg always reaches
the desired touchdown angle and length instantly before it touches down), but it does
supply a desired touchdown position relative to the CoM. With this information, the
desired swing foot position task for the humanoid robot can be generated through a
Be´zier curve that connects the liftoff and touchdown positions (both relative to the
CoM) with some reasonable ground clearance in between.
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Figure 3.5: The CoM trajectory and footstep positions from the optimized walk-
ing gait in a 3D Dual-SLIP model are “embedded” into the humanoid whole-body
behaviors.
Due to the fact that the Dual-SLIP model only has a point foot and a point body
mass, the desired foot orientation and centroidal angular momentum tasks for the
humanoid still have to be authored by hand. Fortunately, the desired trajectories for
these tasks can usually be set very simply:
- In this thesis, we set the desired foot orientation during the swing phase to
maintain the same orientation when it initially lifts off the ground. Such a setup
for the swing foot orientation task is convenient and proved effective during
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simulation tests. However, it has a downside: it causes the resultant humanoid
walking gait to be constantly flat-footed, which is not quite human-like. Not
tested in this work, the simplified muscle-reflex model proposed by Geyer and
Herr [45] can potentially be used to compose an improved desired trajectory for
this task.
- Biomechanics studies [54, 104] have shown that during human walking, the cen-
troidal angular momentum remains small throughout the gait cycle in spite of
the ground reaction forces exerted on the body and thus hypothesized that the
centroidal angular momentum is highly regulated during walking. Following
this idea, we simply set the desired centroidal angular momentum to be con-
stantly zero, which is a reasonable approximation to the biomechanics observa-
tion. More recently, Maus et al. [77] proposed that during walking, the human
actually tries to focus the ground reaction force to a point that is slightly above
the CoM (termed as the Virtual Pivot Point, or VPP), which in turn helps to
maintain the postural stability and induces heel-to-toe CoP movement when a
foot is in support. Their proposition suggests that the desired centroidal angu-
lar momentum should follow non-zero setpoints over the gait cycle, while the
magnitude of the trajectory may still remain small. However, the VPP concept
is not yet fully developed and its effectiveness on a humanoid remains to be
scrutinized.
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3.3.6 Task Prioritization
When assigning task priorities or weights, we follow three general guidelines:
1. The foot position and orientation tasks are always set in the first priority level.
Otherwise during the support phase, the foot will not stay well planted on the
ground surface.
2. The centroidal angular momentum (CAM) task should not be assigned a high
priority level or a large task weight. Although the centroidal angular momentum
appears to remain minimal during normal human walking, such minimization
might not be desirable in all cases. As suggested by Hofmann et al. [58], keeping
the CAM task at a lower priority allows the humanoid to effectively correct
errors in the CoM tracking task (i.e. the centroidal linear momentum task) by
temporarily sacrificing the desired CAM goal in the presence of a significant
external disturbance, and thus provides better motion robustness.
3. The nominal pose task is usually put at the lowest priority level. Originally this
task was included to exhaust unused redundancy in the system after all higher
priority tasks were satisfied so that the humanoid will not drift into undesirable
configurations. So it is acceptable if the desired pose is not realized. However,
among all the DoFs, we do want the torso to remain upright at all times during
walking. So within the lowest priority level, the desired torso pose (note the
torso might not be the floating base) will receive a much larger task weight than
the remaining DoFs. Also, the arm DoFs will have higher task weights than
the leg DoFs, since most unused redundancy will be in the upper body of the
humanoid.
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Based on the consideration of these guidelines, two prioritization plans are pro-
posed.
A) Place the foot position and orientation task in the first priority level, and all
other tasks in the second priority level, with the centroidal linear momentum
task assigned with the highest task weight.
B) The foot task is still in the first priority. The centroidal linear momentum task
is put separately in the second priority level. The rest, the angular momentum
task and the nominal pose task, are put in the third priority level, with the
torso pose given the highest task weight.
Dynamic walking in a humanoid can be achieved using either of the prioritiza-
tion plans. In Plan A the torso pose tracking task is usually better accomplished.
Therefore throughout the gait cycle in the resultant humanoid walking, the torso
will maintain an upright pose as desired. However, since other tasks are compet-
ing with the CoM tracking task in the same priority level, the CoP tends to move
around within the support region in an unpredictable pattern and frequently hits the
boundary, which will result in undesired foot wobbling. Plan B, on the other hand,
separates the CoM tracking task from the other lower priority tasks. As a result, the
CoP position is much better regulated (i.e. able to stay close to the foot center), but
the humanoid will show observable torso oscillations during walking, although the
oscillation can be alleviated through fine tuning of the task weights and setpoints.
Here we slightly prefer Plan B. An example weight assignment for the HUBO Plus
model under Plan B is shown in Table 3.2.
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Priority Level Task Task weight
1
Foot position (1, 1, 1)
Foot orientation (1, 1, 1)
2
CoM tracking
(1, 1, 1)
(centroidal linear momentum)
3
Torso (floating base) orientation error (16, 30, 16)
Pelvis 5.5
Centroidal angular momentum (10, 2, 10)
Shoulder (P/R/Y) 5
Elbow 5
Wrist (Y/P) 10
Hip (Y/R/P) 0.1
Knee 1
Ankle (P/R) 1
Head 10
Table 3.2: An example task weight assignment for the HUBO Plus humanoid model
under prioritization Plan B. Note the task weights can only be compared within the
same priority level.
3.3.7 Robustness Considerations
There is one important note to consider on the discretely invoked LQR controller
shown in Figure 3.1. As later shown in the simulation, when there is no external dis-
turbance, the humanoid can generally track the desired CoM trajectory and footstep
position very well throughout the walking cycle. In this case, it is not necessary to
discretely invoke the LQR controller and update the desired CoM trajectory. When
the humanoid CoM reaches midstance (MS), we can simply reset the current Dual-
SLIP state to its desired MS state at the given speed, then rely on the PD terms in
the commanded task dynamics to correct the errors through the task-space controller.
This will cause a discontinuity in the commanded joint torque, but as long as the MS
state error is small, the jerk is negligible.
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However, when the walking is disturbed and the actual CoM state at MS signifi-
cantly deviates from the desired MS state, the task-space controller alone will not be
able to absorb the errors by itself. At the humanoid MS, we have to synchronize the
Dual-SLIP state to the current humanoid CoM state and activate the LQR controller
to adjust the desired CoM trajectory and footstep positions so that the larger MS
state error can be eliminated in the next few steps.
3.4 Dynamic Simulation and Control Results
The full 3D dynamic simulation for the humanoid model is performed with a cus-
tomized simulator based on DynaMechs. DynaMechs, originally developed by McMil-
lan et al. [81], is a C++ package that provides efficient implementation of the Articulated-
Body Algorithm (ABA) [38] for forward dynamics (FD) simulation. For control pur-
poses, we also added the implementations of
- The O(n2) Composite-Rigid-Body Algorithm (CRBA) [39] to compute the mass
matrix H .
- The O(n) Recursive Newton-Euler Algorithm (RNEA) [39] to compute the in-
verse dynamics (ID). The bias terms Cq˙ and G in Eq. 3.8 can be computed
efficiently as a whole using this ID algorithm by assuming q¨ is zero. The resul-
tant final and intermediate results from the recursive steps can then be used to
compute the task bias term A˙q˙ for the foot and CoM tasks.
- The O(n) algorithm from Orin and Schrader [95] to compute Jacobians (e.g.
contact Jacobians).
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Direction Stiffness (kN/m) Damping (N·s/m)
Normal 100 1200
Tangential 50 500
Table 3.3: Parameters for the spring-damper ground contact model.
The optimization formulation in Eq. 3.21 is solved with the primal-dual interior-
point method provided in MOSEK [4]. The graphical representation of the robot
model and the environment is rendered through OpenGL. The complete simulator
is developed under the cross-platform wxWidgets framework, which also provides
a graphical user interface to facilitate runtime interaction. The source code of the
simulator is available at
https://github.com/yiping/DynaMechs/ .
The simulator adopts a compliant contact model to simulate contact interactions
with the environment. For a link that is intended to make contact with the envi-
ronment, body-fixed contact points are pre-assigned before simulation. For walking,
contact points are placed at the four corners of each foot. The contact forces are
modeled with a penalty-based spring-damper model. Linear springs and dampers
are used in both vertical and tangential directions. The stiffness and the damping
characteristics of the contact spring-damper model are shown in Table 3.3. The static
friction coefficient µs = 1.0 and the kinetic friction coefficient µk = 0.95. Figure 3.6
shows an example of the measured ground reaction force from the penalty-based con-
tact model during walking simulation. Figure 3.7 shows the actual CoP trajectory
during normal flat-ground walking. It can be observed that it does not follow the
reference CoP trajectory designated by the template model.
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Figure 3.6: The vertical ground reaction force (vGRF) measured from the penalty-
based contact model in simulation of the HUBO Plus based humanoid robot model
during walking. The red and blue curves represent the vertical GRFs for the left and
right foot, respectively.
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Figure 3.7: The typical CoP trajectory during walking over flat ground. Data is
taken from the HUBO Plus based humanoid robot simulation. The red line mark the
CoM trajectory, and the blue hollow dots indicate the CoP (ZMP) trajectory. The
magenta blocks mark the footstep positions.
We also need to adapt the parameters of the 3D Dual-SLIP model so that it can
be used as the walking template for the specific HUBO Plus based humanoid model.
Based on the humanoid mass, leg length and CoM position, we set the following for
the Dual-SLIP model: m = 38.9 kg, ` = 0.63 m. We also changed the desired MS
height z0,d (see Eq. 2.13) to 0.6 m. In Chapter 2, the Dual-SLIP model has a free leg
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length of 1.0 m, and the possible forward walking speed range is from 0.7 m/s to 2.0
m/s. Since the HUBO Plus based model has a shorter leg length, the speed range
should be scaled through the non-dimensional Froude number [132]5. With the new
Dual-SLIP parameters, we can re-run the optimization in Eq. 2.13 to find periodic
gaits compatible with the specific humanoid model at the desired forward speed.
Figure 3.8 shows the CoM and footstep locations of the HUBO Plus based hu-
manoid model walking at 0.75 m/s following the Dual-SLIP template. Note that the
resultant walking motion is fully dynamic as the CoM ground projection never falls
inside either foot support. Further, the lateral CoM sway is kept small (no more
than 5 cm) during regular walking. Near the end of the 15th step, the humanoid
experiences a lateral push at the hip of 300 N for 0.025 s. Then at the next MS, the
state of the 3D actuated Dual-SLIP model is synchronized to the actual humanoid
CoM state (i.e. the push is captured by the Dual-SLIP model) and then the LQR
controller kicks in and adjusts the control input at each MS in the next few steps
to eliminate the initial state error. We can see in Figure 3.8, after the push, the
robot model automatically takes two big side steps to absorb the push. Such on-
line re-planning of the footstep sequence is the direct result of the LQR controller.
This LQR re-planning allows the humanoid to handle larger disturbances than can
be handled with the task-space controller alone. The snapshots in Figure 3.8 show
the whole-body motion at some key moments (i.e. MS, TD, etc.) when the robot
is reacting to the push. A video demo that corresponds to the trajectory shown in
Fig. 3.8 can be found here:
https://www.go.osu.edu/YLThesis_Hubo_Walking .
5The Froude number is defined as: Fr = v2/gl. For instance, walking at 1 m/s with a 1 m leg
length, and walking at 0.75 m/s with a 0.6 m leg length give about the same Froude number.
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3.5 ATLAS Based Humanoid Model
In the video demonstration shown above, one might notice that the humanoid
seems to spend a great effort to maintain the walking speed of 0.75 m/s. This is
because the original HUBO Plus robot has very massive legs and a relatively light
torso (see Table 3.1). As a result, forward leg swing during walking requires more
relative effort and has a larger coupled effect on the torso dynamics in comparison to
human walking. Roughly, this behavior is consistent with what a human would do if
extra weights were attached to their legs and they were still asked to walk as fast. In
other tests, the leg/torso mass ratios of the HUBO Plus based humanoid model are
manually adapted to be close to that of a human, and the resultant torso motion is
more highly damped during walking.
To improve the humanoid model walking performance at moderate to high speeds
(i.e. to reduce the torso pitch), in the following chapters of this thesis we switched
to use a different humanoid model (Fig. 3.9). The new humanoid model is based
on the torque-controlled ATLAS V3 [10] robot developed by Boston Dynamics for
the DARPA Robotics Challenge. The detailed model information is provided in the
open source DRCSIM project maintained by OSRF [98]. The ATLAS based model
stands 1.9 m tall and weighs 148 kg. It has 28 actuated DoFs with all joints being
revolute, and it has a more human-like body mass distribution than the HUBO Plus
based model. See Table 3.4 for details. The distance between two “uglut” hip joints
(see Fig. 3.9(b)) is 0.18 m and the leg length is approximately 0.95 m when fully
stretched. When the robot stands in place with a slightly forward-leaning torso and
slightly bent knees, the CoM location is around the “belly button” area, about 1 m
from the ground surface.
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Body Part Mass (kg) Percentage
torso 55.1 37.3%
pelvis 17.88 12.1%
arm 18.26 12.3%
leg 18.38 12.4%
head 1.42 1.0%
Table 3.4: Body mass distribution of the ATLAS V3 based humanoid model. The
torso and pelvis together account for about 50% of total mass. Also note the arm has
almost the same mass as the leg, since besides legged locomotion, the ATLAS robot
is also designed to perform sophisticated manipulation tasks.
As shown in Fig. 3.9(b) and Figs. 3.10 and 3.11, the “pelvis” link is the floating
base. And the “upper torso (utorso)” is the hub link to which the head and arms are
connected. During walking, we would like to allow certain oscillations in the pelvis
orientation to facilitate the leg motions, but we also want the upper torso to remain
in the upright pose at all time. Therefore, in the nominal pose task, the desired joint
angles for the 3 torso DoFs (utorso, mtorso and ltorso) need to be determined on-line
from the current pelvis orientation (Rpel) and the desired upper torso orientation
(Rut,d), as shown in Fig. 3.10. Specifically, if
R = Rut,dR
T
pel =
r00 r01 r02r10 r11 r12
r20 r21 r22
 ,
then
qmt,d = −asin(r20), (3.40)
qut,d = atan2(
r21
qut
,
r22
qut
), (3.41)
qlt,d = atan2(
r10
qut
,
r00
qut
). (3.42)
In the following chapters, humanoid walking over uneven terrain will be demonstrated
with the newly-introduced ATLAS based model.
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(a)
Pelvis 
(Floating Base)
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head
mtorso
utorso
clav
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uarm
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lleg
talus
foot
(b)
Figure 3.9: The ATLAS V3 based humanoid model. (a) Graphical mesh. (b) Skeleton
and joints. Note the red ball indicates the approximate CoM position.
3.6 Summary
This chapter described the humanoid models used in this work and the required
machinery to “embed” the desired walking gait of a low-dimensional template model
into the high-DoF humanoid model. The underlying whole-body controller is based
on a prioritized multi-objective task-space control framework. Specifically, we first
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9.152
qut,d
qmt,d
qlt,d
pelvis
Figure 3.10: For the humanoid model based on the ATLAS V3 robot, the desired
torso joint angles are determined on-line by the pelvis (floating base) orientation.
The polygon represents the floating base body (pelvis), and each disc represents a
revolute link. The rotational axis (z-axis in the D-H convention) is marked by the
thick dark green line.
identify a group of task-space objectives that are directly related to the walking
motion and assign them to different priority levels. The desired dynamics of each task
determines the performance of the resultant walking motion. The most important
two tasks, the footstep position and the CoM trajectory, have certain coupling effects
and if the two task dynamics are not well coordinated, walking in the humanoid
will fail. To solve this problem, an LQR-regulated 3D actuated Dual-SLIP model is
used to automatically generate the desired dynamics for these two tasks. Then at
each instant, the controller performs a sequence of optimizations under dynamic and
contact force constraints. Each searches for a set of optimal joint torques and ground
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pelvis
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r_lglut
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r_lleg
r_talus
r_foot
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r_scap
r_uarm
r_larm
r_farm
r_hand
head
(right leg) (left leg) (right arm) (left arm)
(floating base)
ltorso
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l_uleg
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l_foot
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l_scap
l_uarm
l_larm
l_farm
l_hand
mtorso utorso
Figure 3.11: The tree structure of the ATLAS V3 based humanoid model. Each solid
arrow connector represents a revolute joint.
reaction forces that minimize the task errors at the current priority level while not
compromising the already optimized higher priority level tasks. And the joint torques
found by the optimization of the lowest priority task are the final control input we
are seeking at that instant. We have tested this control system on different humanoid
models in simulation and successfully generated whole-body dynamic walking motion.
In this chapter we demonstrated dynamic humanoid walking only over flat ground. In
the next two chapters we generalize the walking gait to (known or uncertain) uneven
terrain.
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Chapter 4
Gait Optimization: Prepared Uneven Terrain
4.1 Introduction
This chapter returns to the study of the simple template model. We would like
to extend 3D Dual-SLIP walking to uneven terrain (Fig. 4.1). Previously in Chap-
ter 2, by taking advantage of a novel symmetry condition, we can generate a 2-step
periodic flat-ground walking gait at a desired forward speed for the 3D Dual-SLIP
model through a simplified half-step optimization. Such a half-step optimization
circumvents the challenges faced by single-shooting optimization over one complete
walking cycle (see Section 2.3 for more details). However, in the case of uneven terrain,
such a symmetry condition does not exist. For any desired gait over uneven terrain,
the optimization has to be performed over 1 step. To deal with the nonsmoothness
caused by the hybrid dynamics and to steer the result away from unwanted local
minima, we propose a multiple-shooting formulation [7] for 1-step gait optimization
over uneven terrain. The new formulation can also be generalized to gait optimization
over flat ground.
In this chapter we will focus on known, prepared uneven terrain with discrete
height changes per step. The walking controller will have exact knowledge of the
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Leg A
Leg A
Leg B
kB
CoM trajectory
kA
kA
TD
LO
MS
MS
MS
Figure 4.1: An example of a 3D actuated Dual-SLIP model walking over uneven
terrain. The figure shows a complete walking cycle (two steps). Note a step is
defined between two subsequent MS events. In the plot, the model has a leg length
of 1 m. In the first step, the terrain height drops 4 cm and in the second step the
terrain height rises 10 cm (relative to the initial support foot within one step).
terrain change. And recall the definition of “prepared” terrain in Section 1.1. By pre-
pared terrain, we mean uneven terrain which is relatively flat, but with well defined
unevenness such as curbs, slopes and speed bumps, just like those found in everyday
urban environments. Humans do not (at least not significantly) reduce speed when
traversing terrain with these conditions. It is desirable that humanoid walking also
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exhibits similar behavior. We have accounted for this consideration in the gait opti-
mization formulation. Following the work in this chapter, Chapter 5 will continue to
investigate walking control strategies when exact terrain information is not available.
The remainder of this chapter is organized as follows. Section 4.2 revisits the 3D
actuated Dual-SLIP model and generalizes the leg actuation strategy to an uneven
terrain walking gait. Then Section 4.3 presents the walking gait optimization formu-
lation for the 3D actuated Dual-SLIP model over a range of terrain height changes
(including flat ground). A multiple-shooting strategy is used to manage the complex
hybrid dynamics and allows the optimization to consistently converge. Section 4.4
provides an analysis of the resultant uneven terrain walking gaits. Section 4.5 ends
the chapter with a summary.
4.2 Actuated Dual-SLIP Model, Revisited
The dynamics of the conventional 3D Dual-SLIP model have been described fully
in Section 2.2, and two particular “symmetric” leg actuation plans that are specific
to flat-ground walking are proposed in Section 2.4 with the intention to expand the
Dual-SLIP walking speed range. In this section, we will review the 3D actuated
Dual-SLIP model, but focus our attention on the control variable selection and leg
actuation scheme that are suitable for traversing uneven terrain.
4.2.1 Dynamics
Piovan and Byl [102] have shown that the ability to adjust the system’s net energy
is essential for a SLIP model to travel on terrain with varying heights. We have found
empirically through experiments that this is also true for the Dual-SLIP model. As
discussed in Section 2.4, we prefer to change the system energy through variation of
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the rest leg length, which is physically equivalent to placing a prismatic actuator in
series with the leg spring. Therefore we can rewrite Eq. 2.1 and Eq. 2.2 as:
m p¨c = mg + k (`(t)− ‖l‖) lˆ (4.1)
and
m p¨c = mg +
∑
i∈{A,B}
ki (`i(t)− ‖li‖) lˆi , (4.2)
where the rest leg length `(t) ∈ R is a general function of time and all other parameters
are defined the same as in Eq. 2.1 and Eq. 2.2. The “symmetric” actuation plan shown
in Section 2.4 is just a special case for `(t) (that is only applicable to flat-ground
walking).
4.2.2 Control Variables and Leg Actuation Scheme
A number of control variables can be selected to affect the evolution of the Dual-
SLIP model. These controls can be roughly classified into two subgroups: variables
for phase transition control and variables for leg actuation, which are described in
detail below.
In this chapter we are interested in finding trajectories for the Dual-SLIP model
to traverse known uneven terrain. In such scenarios, a shortened or lengthened leg
may be required at touchdown or liftoff to adapt the gait to the terrain height change.
To this end, we allow the model to select leg touchdown (TD) and liftoff (LO) lengths
LTD and LLO during each step, as well as the forward and lateral touchdown angles
(θ, φ) as previously described in Section 2.3. Consider a step with change in terrain
height ∆h following SSA → DS → SSB as shown in the first half of Fig. 4.1. The
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dynamic mode transitions then occur at the following switching surfaces
SSSA→DS = {(pc, p˙c) | eTz lA = LTD cos(θ) + ∆h} (4.3)
SDS→SSB = {(pc, p˙c) | ‖lA‖ = LLO} . (4.4)
Note compared to Eq. 2.3 and Eq. 2.4, here we have taken into account the exact
terrain height information ∆h; also LTD and LLO are now both variables instead of
predetermined constants, and they don’t have to be the same (which was previously
required in Eq. 2.5). Similarly, the touchdown foot position can still be computed
using Eq. 2.6, just keeping in mind LTD now is a control variable.
While the parameters (LTD, LLO, θ, φ) can be used to control the transitions be-
tween different walking phases, active rest leg length lengthening/shortening is used
within each phase to modulate the force delivered along the leg. To prevent sud-
den changes in ground reaction forces when the leg is in support, the rest leg length
smoothly varies over time. Here we study a particularly simple rest leg length change
strategy which follows
˙`(t) = β , (4.5)
where β is chosen to be constant (i.e. the rest leg length will change linearly) for each
support leg during a specific walking phase. But we allow β to change at the phase
transition boundaries. This provides a total of four leg actuation control variables
(βA,ss, βA,ds, βB,ds, βB,ss) within each step, as shown in Fig. 4.2. Further, the initial rest
length for leg B upon TD, `TD, is chosen independently of LTD such that LTD ≤ `TD.
The initial rest length of leg A at the beginning of a step, `MS, ideally should be
determined by the terminal rest length of leg B from the last step. However, to
simplify the control problem, we allow `MS also to be changed independently, i.e. we
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Figure 4.2: Illustration of the rest leg length actuation variables for both the leading
leg (leg B, red) and the trailing leg (leg A, blue) within one step starting at midstance
(MS). Solid lines are the rest leg lengths, and dashed lines are the actual leg lengths.
enable a discontinuous change in rest length at MS to help remove or inject energy
into the system. The rest length of leg A upon LO, `LO, is dependent on control
variables `MS, βA,ss and βA,ds, and is generally not equal to LLO (though LLO ≤ `LO is
required). Finally, spring constants kA and kB may also be chosen independently for
each leg.
This new actuation scheme is applicable to both flat-ground and uneven-terrain
walking gaits. It also allows non-zero positive vertical ground reaction forces at
touchdown (analogous to ground impact) and at liftoff (analogous to toe-off push),
which echoes the discussion in Section 2.4.
In summary, over the course of a walking step the following control variables are
considered to shape the behavior of the Dual-SLIP model:
u = (LTD, LLO, θ, φ, `MS, `TD, βA,ss, βA,ds, βB,ds, βB,ss, kA, kB) . (4.6)
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4.3 Gait Optimization Formulation for All-Terrain Walking
This section focuses on a new optimization formulation used to generate walking
gaits for the 3D Dual-SLIP model to traverse both flat and uneven terrain. Similar
to Section 2.3, optimization is still formulated to regulate the state of the model at
midstance (MS) during single support. Recall that MS is defined as the instant of
zero vertical velocity and nominally occurs in the middle of stance with respect to
time during single support. However, in this section, the MS state is defined slightly
different from that in Section 2.3. In the new formulation, the state of the model at
MS is given by the full state (position and velocity) of the CoM with respect to the
stance foot x = [lT , l˙T ]T ∈ R6 with l = pc − pf , and the MS event is determined by
the prescribed timing. In Section 2.3 the MS event occurs when z˙ reaches zero and
the MS state was reduced to a slice of the full state of the CoM (x ∈ R5).
In this section, we first outline the desired optimization problem through a gen-
eral, conceptually straightforward single-shooting formulation. Then we discuss the
detailed constraints and costs needed in the optimization problem. They encode our
preference for certain gait characteristics while ensuring the resultant gait is physically
realistic. From a practical point of view, if we attempt to solve the single-shooting
formulation directly, we will run into convergence issues caused by the hybrid walk-
ing dynamics. Also, it has been found that the in single-shooting formulation it is
difficult to incorporate certain desired constraints. So finally, to address these two
problems, we evolve the single-shooting formulation into a 3-stage multiple-shooting
formulation, which can be solved more robustly.
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4.3.1 General Single-Shooting Formulation
Given an initial state x0 at the current midstance, and an upcoming ground height
change ∆h, we need to select controls u which steer the 3D Dual-SLIP model to a
desired state x1 at the following midstance. The initial MS state x0 is assumed to
coincide with that from steady-state level-ground walking at a desired forward speed.
Recall that methods to find such a MS state, and the associated control policy for
the model on level ground, are given in Chapter 2. Throughout this section, it is
assumed that the leg initially in single support is leg A as shown in the first step of
Fig. 4.1.
The overall goal of the optimization formulation here is to provide trajectories
of the 3D Dual-SLIP model that are 2-step periodic modulo ground height. That
is, regardless of the terrain height change ∆h in a step, subsequent MS states are
sought which achieve constant height, constant forward position and velocity but
alternating lateral positions and velocities, all relative to the stance foot. This is
expressed mathematically through selecting
x1 = Ax0
where A = diag(1,−1, 1, 1,−1, 1). Letting the discrete dynamics governed by the
hybrid system be described with a mapping P :
xn+1 = P (xn,un,∆hn)
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we can formulate a single-shooting optimization problem to find controls u:
min
u
f(u) (4.7)
s.t. Ax0 = P (x0,u,∆h) (4.8)
g(u) ≤ 0 (4.9)
u ≤ u ≤ u¯ (4.10)
where constraint and cost functions g(u) and f(u) are obtained through forward
simulation and are described in Sections 4.3.2 and 4.3.3. u and u¯ are the lower and
upper bounds on the optimization variables.
4.3.2 Constraints
A few nonlinear inequality constraints (NICs) are needed to make sure the trajec-
tories generated by the optimization are feasible on a humanoid. Given selections of
u, we note that the hybrid simulation also provides the time of TD for leg B (tTD),
the time of liftoff for leg A (tLO), and the final MS time tEND. First, to ensure that
the resultant gait does not exceed the kinematic limits in the system that it abstracts
(e.g. a humanoid), we require
• At TD, the length of leg B is smaller than a maximally allowed leg length lmax
‖lB(tTD)‖ ≤ lmax (NIC-1)
• At LO, the length of leg A is also smaller than lmax
‖lA(tLO)‖ ≤ lmax . (NIC-2)
Note that lmax depends on the system into which we embed the Dual-SLIP model.
For the ATLAS model shown in Section 3.5, we set lmax = 1.0 m.
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Secondly, since the ground can only provide unilateral forces, we require the leg
length to always be less than the rest length. Further, to keep the resultant gait close
to that of a human, we require the ground reaction force (GRF) at MS to bear at
least 60% of the total body weight. These requirements are formulated through the
following constraints:
`B(tTD)− LTD ≥ 0.0 (NIC-3)
`A(tLO)− LLO ≥ 0.0 (NIC-4)
kA · (`A(t0)− ‖lA(t0)‖) ≥ 0.60 ·m‖g‖ (NIC-5)
kB · (`B(tEND)− ‖lB(tEND)‖) ≥ 0.60 ·m‖g‖ . (NIC-6)
4.3.3 Costs
To further shape the behavior of the optimal Dual-SLIP trajectory in order to
share characteristics with human walking, two costs are proposed:
• The double support ratio of the resultant gait should be close to the nominal
value of human walking (ηd ≈ 0.2). The error in achieving this desired behavior
is then
D = tLO − tTD
tEND − t0 − ηd . (4.11)
• The resultant gait should minimize the GRF of leg B upon touchdown and the
GRF of leg A upon liftoff. These “impact” and “toe-off” discontinuous forces
(to be minimized) are
FB,TD = kB · (`B(tTD)− LTD), and (4.12)
FA,LO = kA · (`A(tLO)− LLO) . (4.13)
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These costs are combined together in a weighted sum of squares to form the cost
f(u) = D2 + s · F2B,TD + s · F2A,LO
for some scaling s > 0.
4.3.4 Solution via Multiple-Shooting
In general, single-shooting trajectory optimization over 1 walking step, as shown
in Section 4.3.1, will often have difficulty to converge due to extreme sensitivity in the
trajectories resulting from the complex hybrid dynamics. Previously in Chapter 2 we
used single shooting to optimize a 1-step trajectory for steady-state 3D Dual-SLIP
walking over flat ground. It was successful only because we have leveraged a sufficient
condition for symmetry and confined our search only within a half-step period. How-
ever, when walking is extended to uneven terrain, the trajectory symmetry properties
used to reduce the problem on level terrain no longer hold. Therefore, a multiple-
shooting strategy was adopted for the 1-step walking trajectory optimization here.
Multiple-shooting, a direct approach, has been shown to be particularly suitable for
problems with many constraints and multiple stages [7]. For example, Clever and
Mombaur [17] used this approach to effectively fit human motion capture data to a
simple 3D walking model with series elastic actuation and massive feet.
To enable convergent optimization for Eqs. 4.7 - 4.10, instead of 1-step single
shooting, 3 shooting phases are adopted to handle the 3 hybrid phases of the dy-
namics. As a result, additional optimization variables are introduced for the states
xTD and xLO along with the necessary continuity constraints; i.e. the end state of the
current shooting phase needs to match the initial state of the next shooting phase.
Switching times tTD, tLO and tEND are also added to the optimization variables. As
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a result, phase switching is no longer determined by event detection, but is instead
based solely on the three times. Avoiding these event-based phase transitions has
empirically shown to make the problem better conditioned. Note that with the newly
added optimization variables, the touchdown and liftoff leg lengths LTD and LLO that
originally appear in Eq. 4.6 can instead be determined implicitly. With this in mind,
the final optimization variables are
u = (tTD, tLO, tEND,xTD,xLO, θ, φ, `MS, `TD, βA,ss, βA,ds, βB,ds, βB,ss, kA, kB) . (4.14)
And the final form of the optimization problem can be written as
min
u
f(u) (4.15)
s.t. xTD = PSSA(x0,u) (4.16)
xLO = PDS(xTD,u,∆h) (4.17)
Ax0 = PSSB(xLO,u) (4.18)
g(u) ≤ 0 (4.19)
u ≤ u ≤ u¯ (4.20)
where PSSA ,PDS,PSSB are the mappings that correspond to the state evolution across
the three phases, respectively. The touchdown position for foot B can be implicitly
computed within PDS. Equations 4.16 and 4.17 enforce trajectory continuity con-
straints for the multiple shooting approach. In Eq. 4.17, although xTD is actually
part of u, it is listed separately to clearly show the initial state of phase DS. g(u) is
the same as defined in Section 4.3.2. Evolved from Eqs. 4.7 - 4.10, the optimization
problem Eqs. 4.15 - 4.20 has proved much more robust in practice.
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4.4 Analysis of Optimization Results
4.4.1 Implementation Details
The optimization problem presented in Section 4.3.4 is used to find 1-step Dual-
SLIP walking gaits for a range of terrain height changes. The parameters and initial
state of the 3D actuated Dual-SLIP model are selected to be a good match for the
targeted humanoid robot, which is the ATLAS V3 model shown in Section 3.5. Specif-
ically, the simple model is selected to have a mass m = 147 kg (which is the total
mass of the ATLAS V3 model) and a nominal maximum leg length lmax = 1.0 m.
The initial MS state of a step for any terrain height change is fixed at
x0 =
[
x0, y0, z0, x˙0, y˙0, z˙0
]T
=
[
0.0, 0.06, 0.96, 1.0, 0.0, 0.0
]T
.
Figures 4.3 and 4.5 shown below demonstrate the optimization results for terrain
height changes from -0.06 m to +0.06 m. Larger terrain height differences within a
step are also possible (up to ±10 cm) but it would require a slightly relaxed NIC-
1 constraint or NIC-2 constraint; in particular, we will have to allow ‖lB(tTD)‖ and
‖lA(tLO)‖ to slightly exceed the nominal “maximum” leg length (specifically, ‖lB(tTD)‖
and ‖lA(tLO)‖ can exceed a nominal “maximum” leg length of 1 m by 2 cm). This
will not be a problem as long as the kinematic limits of the targeted humanoid are
not exceeded.
Sequential quadratic programming is used to solve the optimization problem. Con-
vergence is usually achieved within 30 iterations, which typically takes about less than
1 minute to compute using fmincon in Matlab on a moderately configured machine.
To further improve smoothness, fixed-step (e.g. Euler) integration is used for sim-
ulation instead of adaptive-step integration (e.g. RK45). Also, to promote more
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Figure 4.3: Evolution of the length of leg B upon touchdown (LTD) and the length of
leg A upon liftoff (LLO) over different step elevation changes (∆h, -0.06 to +0.06 m).
consistent behavior of the optimizer over different terrain heights, in the experiments
the spring constants kA and kB are both fixed at a predetermined constant value
(2.5×104 N/m) in all trial steps.
4.4.2 Characteristics of Resultant Gaits over Various Terrain
Height
Figure 4.3 shows the touchdown and liftoff leg lengths (LTD, LLO) selected by the
optimizer over varying step elevation changes (∆h). When walking over flat ground
(∆h = 0.0), the touchdown leg length is equal to the liftoff leg length, LTD = LLO = L0
for some L0 < lmax. During a step, if the terrain height decreases, the leading leg
(leg B) reaches to the ground for touchdown with a leg length larger than L0 (but
maxed out at lmax) and the trailing leg (leg A) lifts off early before it reaches L0.
If the terrain height increases, the leading leg adapts by touching down with a leg
length shorter than L0 while the trailing leg keeps pushing until it reaches a leg length
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larger than L0 (also maxes out at lmax). Further, the amount that the TD/LO leg
length changes is approximately equal to the terrain height change (when ‖∆h‖ > 2
cm). A human adopts a similar leg lengthening/shortening strategy at TD/LO when
negotiating known prepared uneven terrain without loss of forward CoM velocity.
Evidence can be found in the free on-line CMU Motion Capture Database (in “A
human walks on uneven terrain” trials) [18]. Two representative snapshots from the
motion capture data of a human walking up and down over piled boxes are also shown
in Fig. 4.4. Note that when stepping up, the touchdown leg length is significantly
shorter than the nominal leg length; and when stepping down the liftoff leg length is
much shorter than the nominal leg length.
Figure 4.5(a) shows the CoM trajectories (projected onto the sagittal plane) over
one step optimized for different terrain height changes. These trajectories are ac-
tually very consistent with those observed in human data during stair ascent and
descent [157]. When stepping down, the major elevation loss of the CoM happens in
the first half of the step (termed the “controlled-lowering” phase in [157]), and when
stepping up, the major elevation gain of the CoM happens in the second half of the
step (termed the “vertical-thrust” phase). In the second half of a downward step and
the first half of an upward step, the CoM does not change its height much relative
to flat ground walking (termed the “forward-continuance” phase). When walking
over flat ground, the CoM trajectory shows a small vertical excursion (around 3 cm),
which is consistent with the study on human subjects in [94]. Also note the flat-
ground walking gait here in Fig. 4.5(a) is very similar to that found with Eq. 2.13
in Section 2.3 (compare with the 1 m/s gait shown in Fig. 2.9).
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(a) (b)
Figure 4.4: Snapshots from human walking motion capture data. [18] (a) LO when
stepping up. (b) TD when stepping down. We can observe that a human adopts a
leg lengthening/shortening strategy similar to that shown in Fig. 4.3 when traversing
uneven terrain.
Figure 4.5(b) shows the vertical ground reaction force (GRF) patterns of the
Dual-SLIP model that correspond to the CoM trajectories in Fig. 4.5(a). With the
simple actuation strategy shown in Fig. 4.5(c) (also discussed in Section 4.2), the GRF
patterns display a series of “human-like” features. It can be observed in Fig. 4.5(b)
that during descent, the leading (touchdown) leg experiences a larger force peak; while
during ascent, the larger force peak is seen in the trailing leg before it lifts off. During
flat ground walking, both force peaks are of the same height. Also, the maximum
force peak is in the range of 1.1 to 1.3 BW (body weight). All these GRF features
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Figure 4.5: The optimized gaits for 1-step terrain height changes of -0.06 m, -0.03
m, 0.0 m, 0.03 m and 0.06 m, respectively. The blue color represents leg A and the
magenta color represents leg B. (a) The optimized CoM trajectories (black curves)
and touchdown foot positions. (b) The resultant ground reaction force profiles within
a step. The GRF is scaled with body weight (BW). 1 BW here is around 1440 N.
(c) Leg length (dashed line) / rest leg length (solid line) profiles within a step. Note
that the rest leg length must always be longer than the leg length.
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from Dual-SLIP walking are also found in human walking [27, 125, 157]. Note that
the CoM trajectories and GRF patterns in most biomechanics literature are plotted
from touchdown to liftoff of a single leg while all our data are plotted from MS to MS.
Therefore a time shift is required to compare our results to those in the biomechanics
literature.
Using the techniques introduced in Chapter 3, we can also embed the optimized
3D Dual-SLIP walking gait for traversing uneven terrain into a humanoid model. Fig-
ure 4.6 includes two snapshots from the humanoid (ATLAS V3 model) walking sim-
ulation over uneven terrain. Figure 4.7 shows some related data (specifically, vertical
ground reaction force (GRF), CoM position in the z axis and centroidal angular
momentum (CAM) in the pitch direction) recorded during a humanoid walking sim-
ulation trial, in which the humanoid first walks down three 5 cm steps, then walks
up one 10 cm step and finally walks down a 20% slope. A short video demonstration
of this trial is also available at
http://go.osu.edu/iros2015 .
Although in the top plot in Fig. 4.7 there is considerable variation in the recorded
vertical GRF data, it can still be observed that the vertical GRF pattern of the
humanoid during ascent and descent walking matches that of the Dual-SLIP model
as shown in Fig. 4.5(b) (check particularly inside the two green blocks). In the bottom
plot in Fig. 4.7, it can be observed that the pitch CAM is only well regulated to the
desired zero setpoint near midstance (MS). There is generally significant variation in
pitch CAM during the double support phase. This is because larger task weights are
given to the torso orientation tasks.
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(a) (b)
Figure 4.6: Snapshots of the ATLAS humanoid model traversing uneven terrain by
following the CoM trajectory and footstep locations generated by the 3D-actuated
Dual-SLIP model. In (a) the step height is -6 cm; and in (b) the step height is +10
cm.
4.5 Summary
This chapter extends the work in Chapter 2. The previous formulation for walk-
ing gait optimization in Chapter 2 cannot be used to find trajectories over uneven
terrain as it relies on a sufficient condition for gait symmetry that only exists during
flat-ground walking. In this chapter, we present a multiple-shooting optimization
formulation that allows us to directly find 1-step dynamic walking gaits over known
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Figure 4.7: Data recorded during a simulation test in which the ATLAS humanoid
walks over a set of known uneven terrain features following the Dual-SLIP template.
Sequentially, the uneven features are (1) three 5 cm descent steps (2) one 10 cm ascent
step (3) a 20% downward slope. The top plot shows the vertical ground reaction force
for each foot; the middle plot shows the CoM position in the z direction; the bottom
plot shows the centroidal angular momentum in the pitch direction. The red hollow
circles mark the times of midstance (MS). Example vertical GRF patterns for descent
and ascent walking in the humanoid are marked by the green blocks.
terrain height variations (including flat ground) in a 3D Dual-SLIP model with sim-
ple leg actuation. The new formulation avoids the nonsmoothness brought by the
hybrid dynamics and can be solved robustly. With proper costs and constraints, the
resultant gaits display many human-like features. In the next chapter (Chapter 5) we
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will continue to extend the work in this chapter to develop walking strategies for the
3D actuated Dual-SLIP model that are robust to terrain height uncertainties.
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Chapter 5
Swing Leg Adaptation to Terrain Uncertainty
5.1 Introduction
In Chapter 4 we have shown how to generate gaits for the 3D Dual-SLIP model
over known uneven terrain that maintain constant forward velocities at midstance
(MS). In this chapter we extend the 3D Dual-SLIP walking to terrains with uncertain
height changes. In other words, the model has no access to environmental sensing
and walks “blindfolded”.
There have been a number of biomechanics studies on how running animals and
humans negotiate terrain uncertainties. Daley and Biewener [24] have found guinea
fowls are quite successful in maintaining dynamic stability when encountering an
unexpected substrate drop during running. They noticed the bird limb begins stance
in a more retracted and extended position. During human running tests, Mu¨ller
et al. [86] also observed an increased angle of attack and leg length when human
subjects step into a camouflaged terrain height drop. Through analysis of human
running data, Blum et al. [9] hypothesize that humans assume linear adaptation of
leg parameters (leg angles, leg stiffness and leg length) during the swing phase.
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Such swing leg adaptation strategies are also borrowed to improve the control of
SLIP running. Seyfarth et al. [122] adopted a feedforward control scheme where the
swing leg is retracted at a constant angular rate throughout the second half of the
swing phase, which significantly increases the basin of attraction of self-stable gaits.
Based on bioinspired principles, Vejdani et al. [133] proposed a leg angle adjustment
policy that retracts the swing leg with constant angular acceleration toward the end of
the flight phase, which can keep the running safe (avoiding damage caused by excessive
leg force) and efficient in case of an unexpected large terrain height disturbance. Ernst
et al. [37] analyzed the fall-time-dependent steady-state solutions for 2D SLIP running
on a constant forward speed manifold in the parameter space. Connecting the dots
they identified that there exist time-driven feedforward control laws for both angle
of attack (α) and spring stiffness (k). Based on such control laws they demonstrated
robust “blind” SLIP running over unsensed uneven terrain at a constant apex speed.
Similar work is also found in [99]. In contrast, Schmitt and Clark [118] realized
that the conservative SLIP model cannot capture the stance-phase energy variation
observed during animal running, so they prescribed the rest leg length during stance
to a predetermined function of time. With such a leg actuation scheme alone all
periodic gaits are unstable. However, when combined with a feedforward leg angle
control law similar to those in [37] and [133], the running gait becomes very robust
and can recover from terrain height drops up to 30% of the nominal hip height.
On a different avenue, Van Why et al. [131] enable the 2D SLIP model to recover
from uncertain terrain geometry through a time-based feedforward leg actuator posi-
tion trajectory during the novel “pre-reflex” phase6. The optimization to find such a
6A short time window right after touchdown.
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trajectory is based on a direct collocation method [137] with an objective to minimize
the actuator work. Note all the work mentioned in this paragraph is limited to the
2D SLIP model and the feedforward control laws presented all rely on the fact that
there exists self-stable running gaits in the 2D model.
Through mapping of the entire state-parameter space, Wu and Geyer [154] re-
vealed a deadbeat control strategy for 3D SLIP running that does not require feed-
back about terrain height. The approach is found to naturally extend the time-based
leg control previously derived from the planar SLIP model to its 3D counterpart and
allows the latter to run and steer robustly over unknown rough terrain. Very recently,
instead of relying on a spring-mass model, Englsberger et al. [35] proposed to directly
regulate leg axial forces through polynomial approximation of human-like Ground
Reaction Force (GRF) patterns. With closed-form solutions they can re-plan the
running gait at every control instant. Current results only demonstrate 3D running
over flat ground, but this approach can be potentially extended to handle terrain
uncertainties. In a very similar fashion, a few years ago Mordatch et al. [83] proposed
a closed-form approximation of the 3D SLIP model. With such an approximation
they can update (re-plan) both walking and running gaits on-line over various terrain
through a population-based optimization. However, Englsberger et al.’s approach [35]
is presumably better as it does not require a stochastic search process (which does
not guarantee convergence).
In the walking regime, Wisse et al. [151] showed that a mild swing leg retraction
speed can improve the gait stability for a simple 2D inverted pendulum model that
walks down a shallow slope. Vejdani et al. [134] identified the periodic limit cycle in
the 2D bipedal spring mass walking gait and designed a deadbeat control policy for
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touchdown angle to recover the system from perturbations, such as sudden terrain
drops, in the fewest number of steps. They have found as an interesting result that at
least two steps are necessary, but two steps are also sufficient in most cases. Inspired
by the compliant walking observed in birds, Andrada et al. [5] have shown that
keeping the angle between the legs constant before touchdown allows the 2D Dual-
SLIP model to tolerate terrain height perturbations up to 10% of the leg rest length
during walking. Byl and Tedrake [12], on the other hand, proposed to treat walking
over uncertain terrain as a stochastic problem. They designed a stochastic optimal
controller for a minimally actuated compass gait walker and maximized its mean
first-passage time (average time to fall).
Relatively less work has been done towards 3D walking over uncertain terrain.
Recently at Oregon State University, Rezazadeh et al. [112] expanded their 2D walk-
ing control strategy for the highly underactuated biped robot ATRIAS [111] to 3D.
They followed a step-by-step synthesis approach when building their controller. First
they extended the actuation scheme in [118] and applied the same periodic time-based
trajectories (clipped sinusoidal curves) to the rest leg lengths for both legs but with a
180◦ phase difference. With such an actuation method they can stabilize the in-place
walking in 1D. They then used Raibert-type heuristics [56] to determine the footstep
placement so that they can balance the walking in 3D, either in-place or with-speed.
Finally to stabilize the upper torso they used a feedback linearization control law to
determine hip pitch and ab/adduction torques. They also have heuristics to limit
the maximum leg force when the robot unexpectedly suffers a step-drop perturba-
tion [113]. Although there is no proof of stability, all these individual controllers
seem to work rather well together on the hardware and they have shown impressive
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videos of ATRIAS “blindly” walking over very uneven terrain [91–93]. One thing to
note: due to the enforced leg actuation scheme of a 180◦ phase difference on each leg,
the resultant steady state walking has a minimal double support phase. So ATRIAS
walking resembles stilting. Also, it is not clear whether their heuristics are applicable
to more complex humanoids such as ATLAS.
In this chapter, through optimization-based techniques we want to identify cer-
tain time-based feedforward swing leg control laws for the 3D actuated Dual-SLIP
model such that it can automatically adapt to terrain uncertainties during walking
without loss of speed. Ultimately we want to migrate such capability to a humanoid.
Unlike its many 2D counterparts, the swing leg strategy found in this chapter will not
automatically stabilize the walking of the 3D Dual-SLIP model over multiple steps.
However, with a simple “reference trajectory resetting” technique in the task-space
control framework, we can still realize robust “blind” walking over arbitrary uneven
terrain in the humanoid model.
The remainder of this chapter is organized as follows: Section 5.2 introduces the
concept of a 1-step adaptation strategy for terrain uncertainties and the concept of
an adaptation plan. It further describes the consistency requirements across different
adaptation plans. Section 5.3 discusses in detail how to acquire consistent adaptation
plans and generate a feasible swing leg trajectory based on them. The resultant swing
leg trajectory demonstrates leg retraction and extension behavior towards the end of
the swing phase, which is also observed in human walking. Section 5.4 shows how the
task-space controller helps stabilize the 1-step periodic terrain adaptation gaits over
multiple steps. Section 5.5 provides a summary for this chapter.
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5.2 1-Step Adaptation Strategy
Recall that in Section 1.1 the targeted scenario for walking in this thesis is prepared
uneven terrain, which is generally flat, but with many moderate uneven features, such
as a speed bump or a missing ground tile. A human can automatically adapt to such
terrain height variations during walking even without noticing these uneven features
in advance. Most of the time, such adaptation does not require speed reduction,
either. This motivates the work on a blind walking strategy in this chapter.
In this section, it is assumed that a flat-ground periodic walking gait at a certain
forward speed for the 3D Dual-SLIP model has already been found using techniques
from previous chapters. In order for the model to automatically adapt to unforeseen
terrain height perturbations while walking over prepared uneven terrain, one possible
1-step feedforward strategy is: starting from MS the model will initially assume
that the ground is flat, and then applies the leg actuation optimized for flat-ground
walking until the leading leg actually touches down. Towards the end of the swing
phase, the model will prepare for touchdown by keeping the angles and length of
the leading leg to be the same as the touchdown leg angles and leg length from
the optimized flat-ground walking gait. The actual touchdown time and touchdown
CoM state will vary based on the terrain height of the upcoming footstep position.
The time (from MS) until actual touchdown will increase as the next-step terrain
height decreases. Then for each terrain height change within a reasonable range (for
example, ±5 cm), the leg actuation parameters for the double and second single
support phase can be identified through off-line trajectory optimization so that the
CoM can be driven from the corresponding touchdown state to the desired MS state
within the remainder of the gait cycle. The combination of the post-touchdown
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(TD) leg actuation parameters, along with the resultant CoM trajectory, is referred
hereafter as an “adaptation plan”. The model can determine which adaptation plan
to switch to after it actually touches down.
A 1-step strategy is ideal in that it can return the CoM to the desired MS state
at the end of every step no matter how the terrain height varies. In reality, the
optimization results have shown that if the touchdown angles and leg length are fixed
to their flat-ground gait values, an adaptation plan for terrain variation in most cases
cannot be found. This implies that some swing leg strategies (such as swing leg
retraction) are needed to adapt to an unexpected terrain change during walking and
it is necessary to include the touchdown angles and leg length in the variables when
optimizing for adaptation plans.
However, with the touchdown angles and leg length as optimization variables,
extra caution must be taken to make sure their values are consistent between all the
pre-optimized adaptation plans. If the touchdown angles or touchdown leg lengths in
all adaptation plans are plotted versus the corresponding touchdown times, it would
be ideal if they can form trajectories that can be described by some smooth linear
or quadratic functions of time. Then a smooth swing foot trajectory can be planned
such that when touchdown occurs, no matter what the actual terrain height is, the
model will be in the touchdown state of a known adaptation plan.
5.3 Searching for a Swing Foot Trajectory
The same multiple-shooting optimization techniques described in Chapter 4 will
also be used in this chapter to find the necessary adaptation plans for different terrain
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height changes. However, to satisfy the consistency requirements stipulated in Sec-
tion 5.2, the leg actuation parameters and part of the optimization constraints and
costs need to be adjusted.
5.3.1 Leg Actuation Scheme
Recall in Eq. 4.14, the variables for trajectory optimization are
u = (tTD, tLO, tEND,xTD,xLO, θ, φ, `MS, `TD, βA,ss, βA,ds, βB,ds, βB,ss, kA, kB) .
Here, however, when optimizing trajectories for terrain adaptation plans, it is neces-
sary to keep the leg actuation during the first single support phase the same as that
for the flat-ground gait. So a few actuation variables, in particular βA,ss, `MS and kA,
have to be dropped from the original vector. Since it is generally a good practice to
keep the spring stiffness the same for both legs during gait optimization, so if kA is
fixed, kB is also determined. Then the optimization vector becomes
u = (tTD, tLO, tEND,xTD,xLO, θ, φ, `TD, βA,ds, βB,ds, βB,ss) . (5.1)
Figures 5.1 and 5.2 illustrate the resultant leg actuation schemes for unexpected step
down and step up. Note in both figures that the leg actuation parameters are kept
the same as that for flat ground walking gait until touchdown.
5.3.2 Constraints and Costs
The nonlinear inequality constraints (NIC-1 - NIC-6) presented in Section 4.3.2
are still mostly applicable to the uncertain terrain case in this chapter. However,
the maximum rest lengths in NIC-1 and NIC-2 (the constraints that determine the
switching surfaces) have to be updated when optimizing for the adaptation plans.
107
0 0.1 0.2 0.3 0.4 0.5
0.95
0.96
0.97
0.98
0.99
1
1.01
time (s)
r e
s t
 l e
g  
l e
n g
t h
 ( m
)
t0 t1
`TD
βA,ds
βB,ds
βB,ss
βA,ss(fixed)
Figure 5.1: Comparison of leg actuation schemes during regular flat ground walking
(darker and thinner curves) and when encountering an unforeseen drop (lighter and
thicker curves). t0 is the touchdown (TD) time for the flat ground walking gait and
t1 is the TD time when stepping into a depression with an unexpected terrain height
drop. t0 < t1. For the unexpected terrain drop case, before the model actually touches
down, it assumes the same leg actuation strategy as that for flat ground walking.
In the case of an unexpected terrain drop, since the model does not experience a
controlled CoM lowering process during the first single support phase as in the case of
a known terrain drop, slightly increasing the maximum allowed touchdown leg length
will help the model to reach for the ground after the expected touchdown time for
the flat-ground gait (t0 in Fig. 5.1) and start to dissipate the system energy earlier.
In the case of an unexpected bump, the model will touch down prematurely before
t0, and slightly increasing the maximally allowed liftoff leg length will potentially grant
more time for the trailing leg to push the CoM and thus more energy can be injected
during the double support phase.
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Figure 5.2: Comparison of leg actuation schemes during regular flat ground walking
(darker and thinner curves) and when stepping onto an unforeseen bump (lighter and
thicker curves). t0 is the TD time for the flat ground walking gait and t2 is the TD
time when stepping onto an unexpected bump. t2 < t0. For the unexpected terrain
bump case, before the model actually touches down, it assumes the same leg actuation
strategy as that for flat ground walking.
If the nominal maximum allowed leg length (lmax) of the 3D Dual-SLIP model is
1 m, the experiments show that a 3% increase of lmax is enough to find adaptation
plans for terrain height variations up to ±5 cm.
An additional nonlinear inequality constraint on the maximum swing leg speed
(relative to the ground) is included to prevent excessive ground impact or foot skidding
upon touchdown. Also, when the swing leg trajectory is realized in a humanoid model,
a swing foot that moves too fast tends to create too much of a coupled effect on the
upper torso dynamics. Since the touchdown position and time of the flat-ground gait
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is already known in advance, this constraint can be written as:
‖pTD,f l − pTD,i‖
|tTD,f l − tTD,i| ≤ 1.5 , (NIC-7)
where tTD,i and pTD,i are the touchdown time and foot position (in inertial coordinates)
of the adaptation plan being optimized. The subscript fl indicates that the quantity
is associated with the flat-ground gait. The left side of NIC-7 provides an adequate
approximation of the swing foot velocity upon touchdown. The bounding number
1.5 m/s is estimated from the data in [67]. Also, the cost associated with a desired
double support duty factor (Eq. 4.11) is removed when optimizing trajectories for an
adaptation plan.
With the adjustments to the optimization variables and the constraints/costs de-
scribed above, the trajectory optimization for adaptation plans for different terrain
height changes (∆h) are carried out in both ascending (∆h : 0→ 5 cm) and descend-
ing (∆h : 0→ −5 cm) directions with a resolution of 1 cm. The periodic flat-ground
walking gait at 0.8 m/s (forward speed at MS) is used as the initial seed for opti-
mizations in both directions, and the optimization for each adaptation plan is “hot”
started from the optimized result of its neighboring adaptation plan.
5.3.3 Additional Bounds on Touchdown Timing
Figure 5.3 shows part of the initial results. It plots the optimized touchdown an-
gles versus touchdown times for adaptation plans optimized for terrain height changes
from -5 cm to 5 cm. Unfortunately, these adaptation plans are not feasible for uncer-
tain terrain and a practical swing foot trajectory cannot be planned based on these
optimized gaits. The major problems are:
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Figure 5.3: The optimized touchdown angles and touchdown times across different
adaptation plans. The optimization is run without bounds on the touchdown timing.
The numbers by the hollow dots represent the corresponding terrain heights (cm).
Note in this plot, the touchdown time of the gait for a 2 cm drop happens earlier than
that for a 1 cm drop, which is problematic for designing the swing leg trajectory.
(1) The touchdown time of the adapting gait, for example, for ∆h = −1 cm is later
than that for ∆h = −2 cm. However, in typical gaits in the second half of the
swing phase, the swing foot always descends, which means that touchdown on
a higher ground surface should always happen earlier.
(2) Even disregarding the issue in (1), the resultant touchdown angles across dif-
ferent adaptation plans shown in Fig. 5.3 cannot be described with a simple
smooth trajectory over time. A more complex trajectory that traverses each
point in Fig. 5.3 at its corresponding touchdown time will inevitably result in
excessive jerky motions of the swing foot when implemented on a humanoid.
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The feasibility problem illustrated in Fig. 5.3 is mainly due to the existence of a
large number of local minima in the parameter space and the fact that with current
constraints, the optimizer cannot determine whether an adaptation plan will be con-
sistent with other already optimized adaptation plans. To promote gait consistency
between different adaptation plans, a bound on touchdown timing is proposed. In-
stead of being a free optimization variable, the touchdown time tTD,i of an adaptation
plan is now bounded to be a fixed value with a constant offset from the touchdown
time of the reference flat-ground gait (tTD,f l). For simplicity, the desired touchdown
times for all adaptation plans are set to be a constant time interval τ apart. Specifi-
cally,
tTD,i = tTD,i = tTD,f l − τ · ∆h
0.01
, (5.2)
where tTD,i and tTD,i are the upper and lower bounds for tTD,i. The terrain height
change ∆h is expressed in meters and ∆h ∈ [−0.05, 0.05]. The time interval τ is
selected to be 0.006 s.
5.3.4 Results Analysis and Swing Foot Trajectory Synthesis
Figures 5.4 and 5.5 show the optimization results with the additional bound on
touchdown timing (Eq. 5.2). With predetermined touchdown timings, the touchdown
angles and leg lengths optimized for different adaptation plans evolve nearly linearly
over the touchdown times. Therefore a simple swing foot trajectory can be planned to
traverse all the desired touchdown states of the adaptation plans at the corresponding
predetermined touchdown times. Towards the end of the swing phase, the resultant
swing foot trajectory will show a trend of mild retraction of leg angles and extension
of leg length. Swing leg retraction is shown to exist in both human walking and
112
0.19 0.2 0.21 0.22 0.23 0.24 0.25 0.26
0.27
0.28
0.29
0.3
0.31
0.32
0.33
0.34
0.35
0.36
TD time (s)
a
n
g l
e s
 ( r
a d
)
 
 
θ
φ
Figure 5.4: The optimized touchdown angles and touchdown times across different
adaptation plans. The optimization is run with the additional bound on touchdown
timing shown in Eq. 5.2. Each touchdown event is 0.006 s apart. Eq. 5.2 promotes gait
consistency across different adaptation plans. Both the forward and lateral touchdown
angles show trends of moderate linear retraction over time.
running [103] and has a multitude of benefits such as increasing gait stability and
reducing impact upon touchdown (see the comprehensive literature review on this
subject in Section 5.1). Swing leg extension is not found in the biomechanics literature
on human walking. However, the extension is reasonable as it helps the model to reach
for the ground when it does not touch down as expected. Another interesting finding
in Fig. 5.5 is that as the unexpected terrain height drop increases, the touchdown rest
leg length (`B,TD) starts to deviate from the touchdown leg length (LB,TD), indicating
that the touchdown leg experiences more ground impact.
In practice, the swing foot trajectory is realized through a 5th order Be´zier curve.
A nonlinear least-squares optimization is performed to tune the control points such
that the swing foot trajectory will best fit the touchdown configurations at designated
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Figure 5.5: The optimized touchdown (rest) leg lengths and touchdown times across
different adaptation plans. The optimization is run with the additional bound on
touchdown timing shown in Eq. 5.2. Note that the TD leg length shows a trend of
linear extension over time.
times for all adaptation plans. Figure 5.6 shows the best fit swing foot trajectory
relative to the CoM. The average velocity of the swing foot (relative to the ground)
at the end of the swing phase is approximately 1.4 m/s and points, in most part,
in the vertical (−z) direction. The horizontal velocity relative to the ground is very
small (around 0.2 - 0.3 m/s).
Besides the touchdown angles and leg lengths, the actuation parameters for the
double support and the second single support phases also evolve smoothly across
different adaptation plans. Figures 5.7 and 5.8 show the vertical ground reaction force
patterns corresponding to the adaptation plans optimized (with the predetermined
touchdown timing) for varying unexpected terrain drops and bumps, respectively.
Note in Fig. 5.8, as the unexpected terrain bump rises, the corresponding GRF pattern
gradually loses its double-peak feature. No biomechanics study has been found on how
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Figure 5.6: The best fit swing foot trajectory that traverses the desired touchdown
angles and leg lengths for all adaptation plans with designated timing. The trajectory
is plotted relative to the CoM. The magenta circles mark the desired touchdown
positions (relative to the CoM) for different adaptation plans. The square markers
indicate the control points of the Be´zier curve.
a human GRF pattern evolves during walking in response to unforeseen terrain height
changes. Whether such behavior bears human resemblance is yet to be determined.
Figures 5.9 and 5.10 show the 1-step walking trajectories from the set of adaptation
plans that are previously found to be consistent. As detailed in Fig. 5.10, during
walking the CoM will sequentially traverse the hollow dots (each represents a desired
touchdown state of an adaptation plan optimized for a specific terrain height change)
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Figure 5.7: The vertical ground reaction force pattern evolves smoothly across feasible
adaptation plans for varying unexpected terrain height drops.
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Figure 5.8: The vertical ground reaction force pattern evolves smoothly across feasible
adaptation plans for varying unexpected terrain height bumps.
from left to right with predetermined timing until the swing foot contacts at some
terrain height (-5 cm to +5 cm).
116
−0.1 0 0.1 0.2 0.3 0.4 0.5
0
0.2
0.4
0.6
0.8
1
x (m)
z 
(m
)
Enlarged in Fig. 5.10
Figure 5.9: Collection of trajectories from the adaptation plans optimized for varying
terrain height changes (shown in the x-z plane only). The darker curves represent
flat-ground walking which is used as the reference. The details of the CoM trajectories
are shown in Fig. 5.10.
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Figure 5.10: The CoM trajectories shown in Fig. 5.9 are enlarged in this figure to
clearly show the touchdown CoM positions (circles) for all adaptation plans. The
dark circle indicates the touchdown position for the flat-ground gait.
5.4 Integration with the Task-Space Controller
The flat-ground walking gait and its adaptation plans for terrain uncertainty are
only periodic up to some numeric precision and are not self-stable. Even if the walk-
ing simulation is started from the perfect “periodic” MS state, the MS state error will
gradually accumulate and the gait will fail in approximately 6 to 8 steps. Previously
in Chapter 2, a discrete-time LQR controller was designed to stabilize the periodic
gait of the 3D actuated Dual-SLIP model over several steps and provide some robust-
ness towards external disturbances. However, in the case of uneven terrain walking,
with increased actuation parameters, an LQR strategy that stabilizes the system is
yet to be found. Preliminary investigation for the cause of failure shows that the
linearized Jacobians do not approximate the actual nonlinear dynamics very well,
and the difference is typically as large as an order of magnitude. While introducing
more leg actuation variables does facilitate the gait optimization over uneven ter-
rain, it seems that it also brings in destabilizing factors that interfere with the LQR
controller.
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While stable gaits over uneven terrain for the 3D actuated Dual-SLIP model are
currently not available, the optimized periodic gaits can still be used to control con-
tinuous walking in a high-DoF humanoid model. And the necessary stabilizing factor
is actually provided through the task-space control framework as detailed in Chap-
ter 3. Within the task-space control framework, the dynamics of the CoM of the
humanoid robot are set to track that of a simple template model. As the reference
CoM trajectory provided by the simple model is only periodic but not stable, it will
lead the humanoid to fall in a few steps. As a simple solution to prevent the simple
model state from gradually deviating from the periodic gait over several steps, every
time when the state of the simple model traverses a selected Poincare´ section (for
example, MS, TD, or both), it is manually reset to the periodic fixed point. In the
task-space control framework it is generally not recommended to abruptly reset a
reference trajectory because it may result in a large jerk in joint torques and further
lead to undesired foot rolling as an infeasible ground reaction force is required to be
applied to the robot. However, since the error accumulated by the simple model in
the first two steps of the periodic gait is very small, as long as the state reset hap-
pens frequent enough (for example, every step), the aforementioned problems will not
occur.
It should be pointed out that the task-space controller by itself does not necessarily
provide such a stabilizing effect. The capability to tolerate mild reference trajectory
reset comes from the fact that the humanoid model has finite-sized feet. If the simple
model’s periodic gait (CoM trajectory) is not stable, and the higher order robot
model in which it is embedded is highly underactuated (for example, ATRIAS, an
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articulated biped robot with many degrees of freedom but only point feet), the task-
space controller cannot help much to stabilize the gait (the application of the state
reset will not work!). In fact, as shown by the ongoing work in [22, 76, 153], even
if the simple model’s gait can be stabilized (for example, the 3D SLIP model can
robustly run over unobserved terrain with a deadbeat controller [154]), it is still very
difficult to embed the simple model’s behavior into a highly underactuated physical
robot. One potential reason is that the point feet setup requires very accurate ground
reaction force control.
With the technique described above, the terrain adapting swing leg trajectory
identified in Section 5.3 is implemented on the ATLAS V3 humanoid model (see Sec-
tion 3.5). With such a swing leg trajectory, and no terrain information provided,
the robot can still reliably walk over unobserved uneven terrain simply by switching
to the appropriate adaptation plan upon touchdown. Figure 5.11 shows the ATLAS
model in simulation “blindly” walking over an uneven surface with per-step terrain
height variations ranging between -5 cm and +5 cm while maintaining a constant MS
speed of 0.8 m/s. During the walking simulation, sometimes unfavorable events may
occur upon liftoff and touchdown, as shown in Fig. 5.12. The walking controller with
the uncertain terrain adaptation strategy discussed in this chapter remains robust to
these events.
5.5 Summary
Based on the techniques developed in Chapter 4, the work in this chapter explores
an adaptation strategy that aims to return the 3D actuated Dual-SLIP model to the
desired MS state in one step in case of unobserved terrain unevenness. Through some
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Figure 5.11: ATLAS humanoid model walks over unobserved uneven terrain at a
constant MS speed of 0.8 m/s. The successive elevation changes are -1 cm, -2 cm, -3
cm, -4 cm, 4 cm, -3 cm, 5 cm.
(a) (b)
Figure 5.12: (a) The toe gets temporarily stuck on the ground during liftoff. (b) The
swing foot steps partially on an edge and does not land flat.
adjustments to the constraints, the multiple-shooting formulation for gait optimiza-
tion shown in Chapter 4 can be used to identify a set of consistent adaptation plans
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that account for a variety of terrain height changes. From these consistent adaptation
plans a feasible swing foot trajectory can be planned.
The resultant swing foot trajectory exhibits a trend of leg retraction and exten-
sion towards the end of the swing phase, which is also found in human walking. By
following such a swing foot trajectory, the robot does not have to decide which adap-
tation plan it should switch to until it actually touches down. Therefore, no terrain
information is needed in advance. With this strategy we demonstrate “blind” dy-
namic walking over uneven terrain at constant speed in a humanoid robot model in
simulation. The controller can accommodate terrain height variations of up to ±5 cm
with no problem, and can also handle poor footing across terrain steps.
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Chapter 6
Summary and Future Work
6.1 Summary
This dissertation represents the first effort to control dynamic walking over uneven
terrain in a humanoid robot based on the 3D actuated Dual-SLIP model. The overall
control approach is separated into two layers: (1) The high-level planner focuses
on the long term performance of the most salient features for a dynamic walking
motion, such as the CoM trajectory and the footstep positions. These features can
be captured by the 3D Dual-SLIP model and then as a result, be planned in a low-
dimensional space. Since the Dual-SLIP model naturally reproduces many human
walking characteristics, the resultant walking plan (a collection of trajectories for the
selected features) will automatically carry many human-like traits. (2) The lower-level
controller, on the other hand, only focuses on the dynamics at the current instant.
Through an optimization-based task-space control framework, it realizes the desired
dynamics of the selected features at the current instant (as specified in the walking
plan) through the coordination of whole-body motion.
The work in this dissertation emphasizes the development of a high-level walking
planner based on the 3D actuated Dual-SLIP model. The development is carried out
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in three stages. The first stage (Chapter 2) focuses on the generation of dynamic
walking motion over flat ground in the 3D Dual-SLIP model. Unlike its 2D counter-
part, the 3D Dual-SLIP model has a much larger state space and does not exhibit
equilibrium (self-stable) walking gaits. As a result, a nonlinear single-shooting op-
timization is performed to identify the periodic walking gaits in the 3D Dual-SLIP
model at various speeds. A novel left-right gait symmetry condition is utilized to en-
hance the convergence rate. It has also been found that the walking speed range can
be expanded by introducing active leg actuation during walking (up to Froude num-
ber of 0.42)7. Since the optimized periodic gaits are not self-stable, a discrete-time
LQR controller is designed to stabilize the gait and provide robustness to external dis-
turbances through on-line adjustment of the control parameters that lead to periodic
gaits.
The second stage (Chapter 4) extends 3D actuated Dual-SLIP walking to known
uneven terrain with a per-step height change of up to ±10 cm (1 m leg length). The
optimization to generate a walking trajectory for uneven terrain is performed with a
multiple-shooting formulation that is adapted from the single shooting formulation
used in the first stage, as the symmetry condition is no longer applicable over uneven
terrain. Additional leg actuation parameters are also introduced to facilitate energy
flow management when traversing uneven terrain. The resultant gaits are rich with
human-like characteristics such as “the controlled lowering of the CoM during the
first single support phase in a descent step”, etc..
The third stage (Chapter 5) continues to focus on uneven terrain, but it assumes
the upcoming terrain information is not available to the model; in other words, the
7The human walking Froude number for preferred speed is around 0.2, and maximum speed is
around 0.6.
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3D Dual-SLIP is walking “blind”. The basic idea to enable blind walking is to make
leg actuation adjustment decisions with the Dual-SLIP model after the leg actually
touches down. Through extension of the trajectory optimization techniques used
in the second stage, a fixed swing foot trajectory can be identified from a set of
predetermined terrain-adapting walking plans. Following this swing foot trajectory,
the 3D Dual-SLIP model can automatically adapt to unknown terrain height changes
of up to 5% of the leg length during walking without a change of speed.
The walking motion templates generated from all three stages are tested in a
humanoid model and proved to be effective. The task-space control framework, which
functions as a bridge between the simple template model and the complex high-DoF
humanoid robot, is detailed in Chapter 3. In the final result, the humanoid is shown
to walk robustly over unobserved uneven terrain with a constant midstance (MS)
forward speed, solely orchestrated by the 3D Dual-SLIP model.
6.2 Future Work
The development in this dissertation has opened doors for many future research
directions. Some potential extensions and improvements to the work here, are listed
below.
• On-line trajectory optimization - While the Dual-SLIP model is a sim-
ple model, its dynamics are still non-integrable (i.e. no closed-form solutions).
With currently available off-the-shelf nonlinear optimization packages, periodic
walking gaits of the 3D Dual-SLIP model can only be found off-line. As pe-
riodic gaits are not shown to be self-stable, an infinite-horizon discrete-time
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LQR controller is proposed to stabilize the walking motion of the 3D Dual-
SLIP model around the off-line optimized periodic gaits in real time (through
discrete adjustment of foot placement and leg actuation). Previously a similar
strategy is used to stabilize 3D SLIP running and shows good performance on
disturbance rejection [142]. However, when the same LQR technique is applied
to Dual-SLIP walking, the basin of attraction shrinks significantly, presumably
because the walking dynamics are more nonlinear than the running dynamics.
Preliminary investigation shows that in walking the linearized Jacobian is no
longer a very good approximation of the nonlinear system. What’s worse, when
more leg actuation parameters are added to the Dual-SLIP model to facilitate
walking gait generation over uneven terrain, the performance of the discrete-
time LQR controller further deteriorates and can no longer stabilize the walking
motion even when not disturbed.
Recent advances in trajectory optimization [41, 105, 128], however, have re-
vealed the possibility to generate walking gaits for the 3D Dual-SLIP model
on-line in real time. If this is achieved, it will solve the stability issue that
currently limits 3D uneven terrain gaits, and greatly improve the robustness
to external disturbances, as gait re-planning can now be performed at every
control instant from the current state.
In one of the promising studies, Posa et al. [105] proposed a contact-invariant
direct collocation method for trajectory optimization that does not require a
priori hybrid mode sequencing. Through temporary relaxation of the contact
complementarity conditions, the rate of convergence (to feasible solutions) can
be greatly improved. Currently with this approach trajectory generation is still
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not a real-time process, but it is very possible that this method can be adapted
into a robust, real-time local stabilizer around a preplanned trajectory under
the Model Predictive Control (MPC) framework.
It’s important to point out that the work in [105] targets direct trajectory
optimization for complex high-DoF systems. But will the trajectory optimiza-
tion time be significantly reduced with a much simpler model such as the 3D
Dual-SLIP? If so, a viable approach to generate robust dynamic walking in
a humanoid may entail: at every control instant, first re-plan the trajectory
of the 3D Dual-SLIP model; then embed the Dual-SLIP trajectory into the
whole-body motion of the humanoid through an optimization-based task-space
controller – both in real time. This remains an interesting combination of two
approaches to explore in the future.
• Improved task-space controller - In the work presented in this dissertation,
the behavior of the simple model is embedded into the whole-body motion of
a humanoid model through an optimization-based task-space controller with a
conic formulation. The current implementation only allows flat-foot walking.
One immediate downside of flat-foot walking is that the humanoid cannot ex-
tend the foot before liftoff to increase the kinematic range of the leg. More over,
since the current task-space control formulation is not aware of joint limits or
leg singularities, adopting a walking gait with more stretched-out legs tends to
cause knee hyper-extension from time to time. In the future these issues should
be addressed to enable a more natural looking gait in the humanoid. The work
in [25] and [71] provide potential solutions to account for the joint limits.
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Another potential improvement for the current task-space controller is to realize
the heel-to-toe CoP movement during the stance phase of walking in the hu-
manoid model. The reference CoM trajectory provided by the template model
can be tracked very well with the current task-space controller. However, the
desired CoP positions from the template model are not directly controlled, as
they are not explicitly listed as tasks. In fact, the task-space controller ma-
nipulates the CoP position to satisfy the centroidal angular momentum (CAM)
and torso orientation tasks, whose dynamics are not included in the template
model. Currently these two tasks are simply commanded to follow fixed set-
points at all times during a gait cycle. And partly due to this reason, even if the
heel-to-toe CoP motion is planned in the simple model, it will not be realized in
the humanoid model. To address this problem, the dynamics of the CAM and
torso orientation tasks must be considered simultaneously during the planning
stage when the CoM trajectory of the simple model is optimized. The Virtual
Pivot Point (VPP) [77] concept provides a good start to address this problem,
but still substantial work needs to be done to prove its effectiveness.
• Two step transition over uneven terrain - When the periodic walking
gait for the 3D actuated Dual-SLIP model over flat ground is optimized with
the formulation presented in Chapter 4, the magnitude of the overall feasibility
error is usually smaller than 10−9 (numerical threshold). However, when the gait
is optimized for uneven terrain, the magnitude of the feasibility error generally
increases to a level of 10−4. And the error always results from the actual terminal
MS state not matching the desired terminal MS state (i.e. the constraints in
Eq. 4.18 are not met). This phenomenon remains consistent between different
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Figure 6.1: After the constraint on the y position in the terminal MS state is relaxed,
the y position error appears to be linearly proportional to the per-step terrain height
change.
plans for leg actuation. To investigate this problem, one of the 6 equality
constraints in Eq. 4.18 is fully relaxed (for example, the constraint on the lateral
position y is disregarded by the optimization) and the gait optimization for
uneven terrain walking is re-run. As an interesting result, after one of the
constraints is dropped, the magnitude of the feasibility error for uneven terrain
falls below 10−9 and the error of the relaxed variable does not go uncontrolled.
In fact, it remains small (in the level of 10−3) and increases almost linearly
with the per-step terrain height change, as shown in Fig. 6.1. If instead the
constraint of the x˙ position is relaxed, the x˙ error will show a similar trend.
Again, this trend is found to be invariant across different leg actuation plans.
This seems to suggest that if the 3D Dual-SLIP model is to walk over uneven
terrain without changing forward speed, more than one step transition is needed.
More investigation should be done to confirm this hypothesis.
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6.3 Conclusion
In conclusion, while there are still some unresolved issues (see Section 6.2), the
3D actuated Dual-SLIP model appears to be a promising motion template that can
lead to improved humanoid walking. In the future as more humanoid robots begin to
adopt compliant actuated joints, it is expected that the Dual-SLIP model can better
exploit the natural dynamics of the compliant leg operation in comparison to other
rigid template models for walking.
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Appendix A
Proof of the Sufficiency Condition for the 3D Dual-SLIP
Symmetry
Assume that we have optimized the half step trajectory with zero residual through
Eq. 2.12. That is, for an optimal “MS state-control” pair (x∗0,u
∗
0), the middle of the
support is right below the CoM when it reaches lowest height (LH). This case is
shown in Fig. A.1. Note that in this proof, the origin of the coordinate system is set
at the middle of double support. The full state of the CoM is given as x = [pTc , p˙
T
c ]
T .
During foot A single support, double support, and foot B single support, the system
follows the continuous dynamics
x˙ = fA(x), (A.1)
x˙ = fD(x), and (A.2)
x˙ = fB(x), (A.3)
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Figure A.1: Symmetries for the 3D Dual-SLIP in the x-y plane. t1 is the time it takes
from MS to TD. t2 is the time from TD to LH. x0 and xf are the CoM states at the
beginning and the end of the step.
respectively which follow from Eqs. 2.1 and 2.2. Following the ideas of Carver [13]
we can define a symmetry mapping h
h

xc
yc
zc
x˙c
y˙c
z˙c

=

−xc
−yc
zc
x˙c
y˙c
−z˙c

. (A.4)
Intuitively, this map takes states on one side of LH, and maps them to symmetric
states on the other side of double support. Moreover, this mapping is special, as it
follows many useful relationships with the instantaneous dynamics of the 3D Dual-
SLIP model as well as their flow over time. Through some algebra, the vector fields
fD, fA, and fB can be shown to satisfy
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h ◦ fD = −fD ◦ h , (A.5)
h ◦ fA = −fB ◦ h , (A.6)
which in turn imply vector field flow [88] symmetries (as shown in Fig. A.1)
h ◦ φfD−t ◦ h−1 = φfDt , and (A.7)
h ◦ φfA−t ◦ h−1 = φfBt . (A.8)
The conditions assumed on the state of the system at LH (z˙c = 0, xc = 0, and yc = 0)
imply that
h(xLH) = xLH , (A.9)
which, when combined with Eq. A.7 provides
h ◦ φfD−t (xLH) = φfDt (xLH) . (A.10)
From this result, it follows that if the LH state occurs directly over the middle of
the feet, then the CoM trajectory (flow) in double support is symmetric about LH.
Without showing the full development, we can also derive a corresponding symmetry
between the foot A single support phase and foot B single support phase in a similar
way, which is illustrated in Fig. A.1.
Thus, in a step where LH occurs directly over the middle of support, trajectories
which pass through any state x prior to LH will also pass through h(x) after LH.
Most importantly, however, this implies that for an initial state x0 at MS, Eq. 2.12
enforces a sufficient condition for the CoM to reach the symmetric state h(x0) at
the subsequent MS. Thus, the half-step optimization (from MS to LH) ensures the
desired periodicity properties (Eq. 2.9) for the full MS-to-MS state evolution.
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